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1. Introduction. 

1.1. In these lectures we propose a new approach to the study of local integrals of 
motion in the classical and quantum Toda field theories. Such a theory is associated 
to a Lie algebra g, which is either a finite-dimensional simple Lie algebra or an affine 
Kac-Moody algebra. 



Lectures given by the second author at the C.I.M.E. Summer School "Integrable Systems and Quantum 
Groups", Montecatini Terme, Italy, June 14-22, 1993; to appear in Proceedings of the School, Lect. Notes 
in Math, 1620, Springer Verlag 1995. 
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The classical Toda field theory, associated to g, revolves around the system of equations 
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drdt(j)i{t, t) = - "i) exp[0j(t, r)], i e S 



where each (f)i{t,T) is a family of functions in t, depending on the time variable r, 5* is 
the set of simple roots of g, and {ai,aj) is the scalar product of the ith and jth simple 
roots 1^ . 



The simplest examples of the Toda equations are the Liouville equation 

(1.1.2) drdt(j){t,T) = e'^'^''^\ 
corresponding to g = sl2, and the sine-Gordon equation 

(1.1.3) drdt(j){t, t) = e<^(*'^) - e-'^^''^\ 

corresponding to g = sl2- 

Many aspects of the classical Toda field theories have been studied by both physicists 
and mathematicians (cf . , e.g. , Il|, |lT3|, |T02|, |32|, |3|, ||, |11|, ^ 0, |, |, |, |ig 

and references therein): realization as a zero-curvature equation, complete integrability, 
soliton solutions, dressing transformations, connection with generalized KdV hierarchies, 
lattice analogues, etc. There are also many interesting works devoted to the quantum 
Toda field theory, cf., e.g., [|11|, [Tl|, |7|, |T3|, [T^, |3|, |T0|, |23|, |n5|, |9|, |10g and references 
therein. 

1.2. In this paper we will study a Hamiltonian formalism for the Toda field theories. 
By that we mean constructing a Hamiltonian space M and a hamiltonian H, such that 
the system of equations (1.1.1) can be rewritten in the Hamiltonian form: 

(1.2.1) drU = {U,H}. 

Here {■, ■} stands for a Poisson bracket on the space F{M) of functions on M. We will 
be primarily interested in the integrals of motion for the equation (1.2.1). An integral of 
motion is an element X of the space F{M), which satisfies the equation 

{X,H} = 0. 

It is conserved with respect to the evolution of the Hamiltonian system, defined by the 
equation (1.2.1). 

Note that this definition does not require H to be an element of F{M), it merely requires 
the Poisson bracket with if to be a well-defined linear operator, acting from F{M) to 
some other vector space. Given H, we can define the space of integrals of motion of the 
system (1.2.1) as the kernel of this linear operator. If this operator preserves the Poisson 
bracket, then the space of integrals of motion is itself a Poisson algebra. 

1.3. For the Toda equation (1.1.1) we choose as the Hamiltonian space, the space Li) 
of polynomial functions on the circle with values in the Cartan subalgebra f) of and as 
the space of functions, the space jFg of local functionals on Lf). Such a functional can be 
presented in the form of the residue 



F[u{t)] = J P{u,dtu,...)dt, 



where P is a polynomial in the coordinates u*(t) of u{t) G Lf) with respect to the basis 
of the simple roots, and their derivatives (cf. § for the precise definition). The Poisson 
structure on Li) has an interpretation as a Kirillov-Kostant structure, because Lf) can be 
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viewed as a hyperplane in the dual space to the Heisenberg Lie algebra f) - the central 
extension of Lf). This defines a Poisson bracket on jFg. 

The space To was one of the first examples of Poisson algebras of functions on infinite- 
dimensional hamiltonian spaces. It has been studied since the discovery of integrability 
of the KdV equation and its generalizations, and exhaustive literature is devoted to it, 
cf., e.g. m, 13, H, H, 0, 1, H, H, |lT6|, |33, We essentially follow the approach 



of Gelfand and Dickey and treat the space JFq in a purely algebraic way. In addition, we 
also consider the spaces ^q,., consisting of functional of the form 

P(u,9tu,...)e'^'(*)dt, 

where (^j(t) is such that dt<f)i{t) = u^{t). It is possible to extend the Poisson bracket 
To y. To ^ To to a bilinear map To x JF^,. — > JF^,., cf. [^, |116| , and this allows to 
write the Toda equation (1.1.1) in the Hamiltonian form 

Here the hamiltonian H is given by 

It is an element of (BiTai , and the Poisson bracket with if is a well-defined linear operator, 
acting from To to (BiTa^. 

So we can define the space of local integrals of motion of the Toda equation (1.1.1) as 
the kernel of the operator {-,11}, or, in other words, as the intersection of the kernels 
of the operators Qi = {■,/ e'^^^^^dt} : To Tai- These operators preserve the Poisson 
structure, and hence the space of integrals of motion is a Poisson subalgebra of To- 

1.4. The crucial observation, which will enable us to compute this space, is that, roughly 
speaking, the operators Qi satisfy the Serre relations of the Lie algebra q, or, in other 
words, they generate the nilpotent subalgebra n+ of g. Using this fact, we will be able to 
interpret the space of local integrals of motion as a cohomology space of a certain complex 
F*{g). To construct this complex, we will use the so-called Bernstein-Gelfand-Gelfand 
(BOG) resolution, which is the resolution of the trivial representation of n+ by Verma 
modules. The cohomologies of this complex coincide with the cohomologies of n+ with 
coefficients in some n+-module. 

More precisely, we can lift the operators Qi to certain linear operators Qi, acting on 
the space ttq of differential polynomials in u*(t). These operators give us an action of the 
Lie algebra n+ on ttq. 

In the case, when g is a finite-dimensional simple Lie algebra, the 0th cohomology 
of n+ with coefficients in ttq can be identified with the space of differential polynomials 
in W^^\ . . . ,W^''^ G TTo of degrees di + 1, . . . , di + 1, respectively. Here the diS are 
the exponents of g, and the grading is defined on ttq in such a way that the degree of 
d^u^{t) is equal to n -|- 1. We prove that the integrals of motion of the Toda field theory, 
corresponding to g, coincide with all residues of differential polynomials in the W^^^^s. 
They form a Poisson subalgebra of To, which is called the Adler-Gelfand-Dickey algebra, 
or the classical W-algebra, associated with the Lie algebra g. 

The space of integrals of motion of the affine Toda field theory, associated to an affine 
algebra g, can be identified with the first cohomology of the nilpotent subalgebra n+ of 
g with coefficients in ttq. This space is naturally embedded into the space of integrals 
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of motion of the Toda theory, associated to the finite-dimensional Lie algebra g, whose 
Dynkin diagram is obtained by deleting the 0th nod of the Dynkin diagram of Q (or any 
other nod). 

We can compute the latter cohomology and obtain the well-known result that the 
integrals of motion of the affine Toda theory have degrees equal to the exponents of g 
modulo the Coxeter number. These integrals of motion commute with each other. This is 
especially easy to see in the case when all the exponents of the corresponding affine algebra 
are odd, and the Coxeter number is even (this excludes A!^\n > 1, D^^ y Eq'^ and E^}^^). 
In such a case the degrees of all integrals of motion are odd, so that the Poisson bracket 
of any two of them should be an integral of motion of an even degree, and hence should 
vanish. The set of local integrals of motion of the affine Toda field theory, associated to 
Q, coincides with the set of hamiltonians of the corresponding generalized KdV system. 
These integrals of motion generate a maximal abelian subalgebra in the Poisson algebra 
of integrals of motion of the corresponding finite-dimensional Toda field theory. 

In our next paper ||51| we explain further the geometric meaning of higher KdV hamilto- 



nians. Namely, we will identify the vector space with the coordinates d'^u\ i = 1, . . . ,l,n > 
0, with a homogeneous space of the nilpotent subgroup of the corresponding affine 
group. This homogeneous space is the quotient of the group by its principal com- 
mutative subgroup - the Lie group of a. The vector fields on this space, which, by 
Gelfand-Dickey formalism correspond to the KdV hamiltonians, coincide with the vector 
fields of the infinitesimal action of the opposite principal abelian subalgebra a_ C n_ on 
this homogeneous space. In particular, this identification enables us to prove the mutual 
commutativity of hamiltonians in general case. 

1.5. Thus we obtain an interpretation of the integrals of motion of the classical Toda 
field theories as cohomologies of certain complexes. This formulation not only allows us 
to describe the spaces of classical integrals of motion, but also to prove the existence of 
their quantum deformations. 

The quantum integrals of motion are defined as elements of the quantum Heisenberg 
algebra, which is a quantization of the Poisson algebra JFq. More precisely, we define a Lie 
algebra J-'q of all Fourier components of vertex operators from the vertex operator algebra 



of the Heisenberg algebra, cf. § [4.2[ For completeness, we include in § |4.1| a survey of 
vertex operator algebras, which closely follows § 3 of ||58|| . 

The Lie bracket in J-'q is polynomial in the deformation parameter with zero constant 
term, and the linear term coincides with the Poisson bracket in jFg, so that J-'q degenerates 
into J^Q when (3^0. We can also interpret the operators Qi as classical limits of integrals 
of bosonic vertex operators, Qf • Therefore it is natural to define the space of quantum 
integrals of motion of the affine Toda field theory as the intersection of kernels of the 
operators Qf. 

Thus, if X = x^^^ + P'^x^^^ + ■ ■ ■ E J-'q is a quantum integral of motion, then x^^^ is 
a classical integral of motion. It remains to be seen however, whether for each classical 
integral of motion there exists its quantum deformation, and whether such deformed 
integrals of motion commute with each other. 

Such quantum deformations do not necessarily exist in general. Indeed, if we have a 
family of linear operators acting between two vector spaces, then the dimension of the 
kernel may increase for a special value of parameter. Thus, the space of classical integrals 
of motion, which is defined as the kernel of the operator J2i Qi for the special value (3 = 0, 
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may well be larger than the space of quantum integrals of motion, which is defined as the 
kernel of the operator J2i Qi for generic values of (3. 

1.6. In order to prove the existence of quantum integrals of motion we will use higher 
cohomologies. The usefulness of higher cohomologies can be illustrated by the following 
toy example. 

Suppose, we have two finite-dimensional vector spaces, A and B, and a family of linear 
operators 0^ depending on a parameter p. Assume that for /3 = the 1st cohomology of 
the complex A — > B (= the cokernel of the operator 0o) is equal to 0. One can show 
then that the 0th cohomology of this complex (= the kernel of 0o) can be deformed. 

Indeed, vanishing of the 1st cohomology of the complex A — > B for /3 = entails 
vanishing of the 1st cohomology for generic /3, because the dimension of cohomology stays 
the same for generic values of parameter, and it may only increase for special values. But 
the Euler characteristics of our complex, i.e. the difference between the dimension of the 
kernel and the dimension of the cokernel, is also equal to dim A — dimi? and hence does 
not depend on (3. Since the 1st cohomology vanishes for generic (3 and /5 = 0, we see that 
the dimension of the 0th cohomology for generic (3 is the same as for /5 = 0. 

We can apply this idea in our situation. Although our spaces are infinite-dimensional, 
they are Z— graded with finite-dimensional homogeneous components, and our operator 
H preserves the grading. So, our infinite-dimensional linear problem splits into a set of 
finite-dimensional linear problems. In the simplest case of g = SI2, these finite-dimensional 
problems can be solved in the same way as in the example above. By proving vanishing 
of the cokernel of our operator Qi, we can prove that all classical local integrals of motion 
in the Liouville theory can be quantized. The quantum algebra of integrals of motion in 
this case is the quantum Virasoro algebra, which is a well-known fact. 

In general, the cokernel of our operator is not equal to for /5 = 0, so that this simple 
trick does not work. However, a deformation of our extended complex F*{q) will do 
the job. Roughly speaking, it turns out that the operators Qf generate the quantized 
universal enveloping algebra f/q(n+) of the nilpotent subalgebra xi+ with q = exp^nip"^). 
A quantum analogue of the BGG resolution will allow us to construct such a deformed 
complex, F^{q), for generic P in the same way as for = 0. 

1.7. In the case when g is finite-dimensional, we prove that all higher cohomologies 
of our complex vanish when (3 = 0, so they also vanish for generic (3. Using Euler 
characteristics we then prove that all classical integrals of motion of the corresponding 
Toda field theory can be quantized. These quantum integrals of motion are Fourier 
components of vertex operators from a certain vertex operator algebra - the so-called 
W— algebra. A comprehensive review of the theory of W— algebras and references can be 



found in 20 



The W— algebra, corresponding to = SI2, is the vertex operator algebra of the Virasoro 
algebra. The W— algebra, corresponding to g = sl^, was constructed by Zamolodchikov 



119|| . For A and D series of simple Lie algebras the W— algebras were constructed by 
Fateev and Lukyanov We give a general proof of the existence of W— algebras, 

associated to arbitrary finite-dimensional simple Lie algebras. A similar construction also 



appeared in ||9^ for g = s[„. 

The W— algebra can also be defined by means of quantum Drinfeld-Sokolov reduction 



i5| , |48| , |59| as the 0th cohomology of a certain BRST complex. The definition via quantum 
Drinfeld-Sokolov reduction is related to the definition in this paper, because the first 
term of a spectral sequence associated to the BRST complex coincides with our quantum 
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complex F^{q) for generic values of (3 ||48| , |57|1 . Therefore the cohomologies of the BRST 
complex and the complex -F^(g) coincide for generic (3. Recently these cohomologies were 



computed using the opposite spectral sequence of the BRST complex |2^. This gives an 
alternative proof of existence of W— algebras. 

If Q is affine, our extended complex has non-trivial higher cohomologies when /? = 0. 
However, in the case when all exponents of q are odd and the Coxeter number is even, 
we can still derive that all cohomology classes can be deformed, from the Euler character 
argument. We then immediately see that the corresponding quantum integrals of motion 
commute with each other. In the remaining cases we can prove these results by a more 
refined argument. When g = sl2, we obtain a proof of the existence of quantum KdV 



hamiltonians. In this setting, it was conjectured in [|T2[ and some partial results were 



obtained in |I20|, g5|, 0, |T08 



1.8. The W— algebra is the chiral algebra of a certain two-dimensional conformal field 
theory; this explains its importance for quantum field theory. Our construction gives a 
realization of this chiral algebra in terms of the simplest chiral algebra, the chiral algebra 
of the free fields. Such a realization, which is usually referred to as a free field realization, 
is very important for computation of the correlation functions in the corresponding models 
of quantum field theory. The free field realization is an attempt to immerse a complicated 
structure into a simpler one and then give the precise description of the image of the 
complicated structure by finding the constraints, to which it satisfies inside the simple 
one. Our construction resembles the construction of the Harish- Chandra homomorphism, 
which identifies the center of the universal enveloping algebra of a simple Lie algebra q 
(complicated object) with the polynomials on the Cartan subalgebra P) - an abelian Lie 
algebra (simple object), which are invariant with respect to the action of the Weyl group. 
In other words, the center can be described as the subalgebra in the algebra of polynomials 
on f), which are invariant with respect to the simple reflections Sj. Likewise, we have been 
able to embed the W— algebra of g into the vertex operator algebra of the Heisenberg 
algebra f), which is something like the algebra of polynomials on Li). The image of this 
embedding coincides with the kernel of the operators Qf , which play the role of simple 
reflections from the Weyl group. 

The quantum integrals of motion of the affine Toda field theory, associated to an affine 
algebra q, constitute an infinite-dimensional abelian subalgebra in the W— algebra, as- 
sociated to the finite-dimensional Lie algebra g. This abelian subalgebra consists of the 
local integrals of motion of a deformation of this conformal field theory. The knowledge 
of the existence of infinitely many integrals of motion and of their degrees (or spins) is 
very important for understanding this non-conformal field theory, and in many cases it 
allows to construct the S-matrix of this theory explicitly ||120|| . 



Some of the results of this paper have previously appeared in our papers |^, [57|, [50|]. 
An earlier version of this paper appeared in September of 1993 as a preprint YITP/K-1036 
of Yukawa Institute of Kyoto University, and also as |hep-th/9310022| on hep-th computer 
net. 

2. Classical Toda field theories associated to finite-dimensional simple 

Lie algebras. 



2.1. The case of s[2 — classical Liouville theory. 
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2.1.1. Hamiltonian space. Denote by [) the Cartan subalgebra of SI2 - the one- dimensional 
abehan Lie algebra, and by Lf) the abelian Lie algebra of polynomial functions on the 
circle with values in f). This will be our hamiltonian space. It is isomorphic to the space 
of Laurent polynomials C[t, t~^]. We would like to introduce a suitable space of functions 
on Lf), which we will denote by JFq, together with a Poisson bracket. 

First let us introduce the space ttq of differential polynomials, i.e. the space of poly- 
nomials in variables m, du, d'^u, .... It is equipped with an action of derivative d, which 
sends d'^u to d'^^^u and satisfies the Leibnitz rule. 

We define To as the space of local functionals on LI). A local functional F is a functional, 
whose value at a point u{t) G L\) can be represented as the formal residue 

F[u{t)] = J P{uit),dtu{t),...)dt, 

where P G ttq is a differential polynomial, and dt = d/dt. In words: we insert u(t), dtu(t), . . 
into P; this gives us a Laurent polynomial, and we take its residue, i.e. the (— l)st Fourier 
component. 

We can represent local functionals as series of the form 
(2- 1-1) J2 Ci,,„i^-Ui,...Ui^, 

iiH |-im=-m+l 

where the coefficients Q^. i^ are polynomials in ii, . . . , i^- Here Wj's are the Fourier compo- 
nents of u(t) : u(t) = Y.i£iUit~''~^ . For example, / u{t)dt = uq, J u{tYdt = J2i+j=-iUiUj. 
Note that since we deal with Laurent polynomials, only finitely many summands of the 
series (2.1.1) can be non-zero for a given u{t). 

We have a map / : ttq JFg, which sends P G ttq to / Pdt G Tq. The following Lemma, 



for the proof of which cf. [88, 69], shows that the kernel of the residue map consists of 



total derivatives and constants. 

2.1.2. Lemma. The sequence 

^ VTo/C ^ TTo/C -^To ^ 

is exact. 

2.1.3. Poisson bracket. We can now define the Poisson bracket of two local functionals F 
and G, corresponding to two differential polynomials, P and R, as follows: 

(2.1.2) {F,G}[uit)] = -J^-£d,^-^dt, 

where 

6P dP ^ dP dP 
— o-—-— + o 



Su du d{du) d{d'^u) 
denotes the variational derivative. Note that the variational derivative of a differential 
polynomial, which is a total derivative, is equal to 0, and so formula (2.1.2) defines a 
well-defined bracket map J-q x jFg — > jFg. 
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2.1.4. This bracket satisfies all axioms of the Lie bracket and so it defines a structure 
of Lie algebra on JFq. One can prove this in terms of differential polynomials [69(] , 



or in terms of Fourier components l^^l- We will recall the latter proof following ||95|| , 
§§7.21-7.23, since we will use it later in § |. 

Note that we can extend our Poisson algebra of local functionals JFq by adjoining all 
Fourier components of differential polynomials, not only the (— l)st ones. Let Tq be the 
space of functionals on Lf), which can be represented as residues of differential polynomials 
with explicit dependence on t: 

F{u{t)] = J P{d''u{t)-t)dt. 

We can define a Poisson bracket on Tq by the same formula (2.1.2). We will prove now 
that this bracket makes into a Lie algebra. This will imply that jFg is a Lie algebra as 
well, because the bracket of two elements of jFg is again an element of Tq. 

Any element of JFq can be presented as a finite linear combination of the infinite series 
of the form 

iiH \-im=N 

where the Wj's are the Fourier components of u(t) = Z)igz is a polynomial 
in ii, . . . ,im, and N is an arbitrary integer. 

We can consider these elements as lying in a certain completion A of the polynomial 
algebra A = C[un]nez- In order to define this completion, introduce a Z-grading on A by 
putting degM„ = —n. We have 

A = (BNeZ,m>O^N,m, 

where Aj^f^m is the linear span of monomials of degree N and power m. Denote by I^^,M > 
the ideal of A generated by Un,n > M and by lj!f^ the intersection I^'^ fl Ajy^- Let 
Ajvm be the completion of A^^ with respect to the topology, generated by the open sets 
J^;„,M>0. Clearly, 

A = (BNeZ,m>O^N,m 

is a commutative algebra. It consists of finite linear combinations of infinite series of the 
form (2.1.3), where arbitrary function of ^i, . . . ,im- In particular, we have 

an embedding J^q ^ A. 

Now, Ui,i G Z, are elements of JFq and A. We find from formula (2.1.2): 

(2.1.4) {Un, Um} = n6n-m- 

By the Leibnitz rule 

(2.1.5) {xy,z} = {x,z} + {y,z}, 

we can extend this bracket to a bracket, defined for any pair of monomials in u„. We 
can then formally apply this formula by linearity to any pair of elements of A, using 
their presentation in the form (2.1.3). This will give us a well-defined bracket [,-,■] on 
A. One can check directly that the restriction (2.1.4) of this formula to the subspace 
(Bnez'Cun is antisymmetric and satisfies the Jacobi identity. Therefore, by construction, 
[■, ■] is antisymmetric and satisfies the Jacobi identity on the whole A. Thus [■, ■] defines 
a Lie algebra structure on A. 
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It is shown in §7.23 that the restriction of the Lie bracket [■, ■] to JFq coincides with 
the bracket (2.1.2) (for instance, this is clear for the subspace ®n&'C.Un of jFg). Therefore 
JFq is a Lie algebra, and JFq is its Lie subalgebra. 

2.1.5. Remark. A Poisson algebra is usually defined as an object, which carries two struc- 
tures: associative commutative product and a Lie bracket, which are compatible in the 
sense that the Leibnitz rule (2.1.5) holds. It is clear that the product of two local func- 
tional is not a local functional, so that Tq and JFq are not Poisson algebras in the usual 
sense, but merely Lie algebras (however, A is a Poisson algebra in the usual sense). We 
could, of course, take the algebra of all polynomials in local functionals and extend our 
Poisson bracket to it by the Leibnitz rule. This would give us a Poisson algebra in the 
usual sense. But this would not make any difference for us, because we will never use the 
product structure, only the Lie bracket. For this reason we will work with jFg and JFq, but 
we will still refer to them as Poisson algebras and will call the bracket (2.1.2) the Poisson 
bracket, because of another meaning of the term "Poisson structure" - as the classical 
limit of some quantum structure. In § ^ we will define this quantum structure. 

2.1.6. Kirillov-Kostant structure. The Poisson structure on JFq, defined above, has a nice 
interpretation clS cl Kirillov-Kostant structure. 

Let us introduce an anti-symmetric scalar product (, ) on Lf): 

{u{t),v{t)) = J u{t)dv{t). 

Note that this scalar product does not depend on the choice of coordinate t on the circle 
and that its kernel consists of constants. Using this scalar product, we can define a 
Heisenberg Lie algebra P) as the central extension of Lf) by the one-dimensional center 
with generator I. The commutation relations in f) are 

[u{t),v{t)] = {u{t)Mm. [u{t),i] = Q. 

In the natural basis hj = t~\j G Z, of Lf) they can be rewritten as 

(2.1.6) [bn,bm] = n6n-ml, [&n, /] = 0. 

The (restricted) dual space f)* of f) consists of pairs {y{t)dt, fi), which define linear 
functionals on P) by formula 

{y{t)dt, fi)[u{t) + vl]= + j u{t)y{t)dt. 

One has the Kirillov-Kostant Poisson structure on f)*. Since / generates the center of f), 
we can restrict this structure to a hyperplane f)* , which consists of the linear functionals, 
taking value fi on I. 

If we choose a coordinate t on the circle, then we can identify i)l with the space Li). 
This gives us a Poisson bracket on various spaces of functionals on Li), e.g., on the space 
A of polynomial functionals or its completion A. Formulas (2.1.4) and (2.1.6) show that 
this bracket coincides with the bracket [■,■], defined in § |2.1.4| . The restrictions of this 
Poisson bracket to JFq and JFq coincide with the ones, defined by formula (2.1.2). 



10 



BORIS FEIGIN AND EDWARD FRENKEL 



2.1.7. The action of on ttq. The Poisson bracket JFq x JFq — > defined by formula 
(2.1.2), can be tliouglit of as the adjoint action of the Lie algebra J-q on itself. We can lift 
this action to an action of J-q on the space ttq of differential polynomials ||7^. Namely, we 
can rewrite formula (2.1.2) as follows: 



V . —dt 

using the fact that the integral of a total derivative is 0. This suggests to define an action 
of the functional G = J Rdt on the space ttq ^ C[d'^u]n>o by the vector field 

(2.1.7) ■ ^ 




The map ttq ^ ttq, given by this formula, manifestly commutes with the action of the 
derivative d, and the projection of this map to a map from jFg = 7ro/(97ro © C) to itself 
coincides with the adjoint action. 

We will use the same notation {■,(?} for the action of G G J-q on ttq. Note that the 
action of d on ttq coincides with the action of | / v?{t)dt and that it commutes with the 
action of any other G E J-'q. 

2.1.8. Now we define another space, J-'i, of functionals on Li) and extend our Poisson 
bracket. We follow ||86[ . 



Let TTi be the tensor product of the space of differential polynomials ttq with a one 
dimensional space Cf i. Let us define an action of d on tti as {d + u) ® 1, where u stands 
for the operator of multiplication by m on ttq. Define the space J-'i as the cokernel of the 
homomorphism (9 : tti ^ tti. We have the exact sequence: 

> TTi — ^ TTi — > J-'i — > 0. 

To motivate this definition, introduce formally 0(t) = j'^u{s)ds, so that dt(f){t) = u{t). 
Consider the space of functionals on Lf), which have the form 

(2.1.8) / P(M(t),9M(t),...)e'^Wrft. 



There is a map, which sends P ® f i G tti to the functional (2.1.8), so that the action of 
derivative dt on Pe*^*^*^ coincides with the action of 9 on P G tti. The kernel of this map 
consists of the elements of tti, which are total derivatives; therefore J^i can be interpreted 
as the space of functionals of the form (2.1.8). 

Note that if P is a differential polynomial in m, then 

5u 6(f) 

This formula allows us to extend the Poisson bracket (2.1.2), which was defined for two 
differential polynomials in u, to the case, when P is a differential polynomial in u, and R 
depends explicitly on 0. In particular, we obtain a well-defined map JFq x JF^ — > JF^: 

6P 5[Pe^] , f6P ' 



(2.1.9) {/p,,/^e*A}^/^^!^.*^/ 



6u 



Re^ 




dt. 



INTEGRALS OF MOTION AND QUANTUM GROUPS 



11 



This bracket satisfies the Jacobi identity for any triple F,G G JFq, H E J-'i. In other words, 
J-'i is a module over the Lie algebra J-'q. 

This statement can be proved in the same way as in § p.l.4| . Namely, we can extend 



the space J-'i to the space J^i by adjoining elements of the form / Re'^dt, where i? is a 
polynomial in d"^u, m > 0, and t. Consider the elements Wn = J t'^e'^dt G J^i. By formula 



(2.1.9) , the action of Um = J t'^u{t)dt E JFq (cf. § |2.1.4|) on Wn is given by 

(2. 1. 10) {Um, Wn} = Wn+m- 

This formula defines a map U xW ^ W, where U = (BmezCum and W = (BnezWn- Recall 
that f/ is a Lie algebra, with the commutation relations given by formula (2.1.4). One 
can check directly that this map defines a structure of a [/-module on W. 

In the same way as in § ^.1.4| we can define a completion B of the space B = C[um]mez® 



W, which contains J-'i and J-'i. Using the Leibnitz rule, we can extend the map U xW ^ 
W given by (2.1.10) to a map Ax B ^ B. By construction, this map defines a structure 
of an y4-module on B. The restriction J-'qX J^i ^ Ti of this map coincides with the map 
{■, ■} given by (2.1.9). Therefore it defines on Ti a structure of a module over the Lie 
algebra Tq. Hence it makes Ti into a module over JFq. 

2.1.9. The Liouville hamiltonian. We now introduce the hamiltonian H of the Liouville 
model by the formula H = J e'^^^'^dt G J-'i. We can rewrite the Liouville equation (1.1.2) 
in the hamiltonian form as 

drU{t) = {U{t),H}. 

Here U{t) stands for the delta-like functional on Lf), whose value on a function from 
Lf) is equal to the value of this function at the point t. We can rewrite it as U{t) = 
J 6{t—s)u{s)ds. The formula (2.1.9) can be extended to such functionals as well. Applying 
this formula, we obtain 

{ J 6it - s)u{s)ds, J e^(^)ds} = / 5(t - s)e*Wds = e^^. 

2.1.10. Definition. The kernel of the linear operator 
(2.1.11) Q = {-,Je'^dt}:J^o^J^i 

will be called the space of local integrals of motion of the classical Liouville theory and will 
be denoted by Io{sl2). 

2.1.11. Our goal is to compute the space /o(s[2). Note that by the Jacobi identity, it is 
closed with respect to the Poisson bracket. 

It is more convenient to work with the spaces ttq and tti, than with J-'q and J^i. We 
want to define a linear operator Q : ttq — >■ tti, which commutes with the action of d on 
these spaces, and descends down to the operator Q. 



To define such an operator, we will use the same approach as in § p.l.7| . According to 
formula (2.1.9), we have: 



Pdt, I e^dt} = [ y{-dtT^S^ ■ e'^dt = / F t:^^ ■ d^e'^dt, 



12 BORIS FEIGIN AND EDWARD FRENKEL 

where we used the fact that the integral of a total derivative is 0. We find: dte'^ — 
ue"^, dfe'f' = {v^ + dtu)e'^, etc. In general, d^e"^ = Bne"^, where the B^s are certain 
differential polynomials in u{t), which are connected by the recurrence relation 

(2.1.12) Br,+i = uB^ + dtB^. 
Then we obtain 

(2.1.13) { / Pdt, J e'^dt} = E / ■ Bne'^dt. 



n>0' 



Therefore we can define a map Q : ttq ^ tti as follows: 

dP 

It commutes with the action of d and descends down to the operator Q : Tq ^ T\. 

In fact, in the same way we can define for any G ^ T\ & map {■, G} : ttq — > tti, which 
commutes with d and descends down to the map given by formula (2.1.9): 



We can also extend the action of G G JFg on ttq, given by (2.1.7), to an action on tti by 
adding to the vector field (2.1.7) the term |^ where ^ acts on tt^ by multiplication 
by n. 

It is convenient to pass to the new variables Xn — d~'^~^uj{—n — l)!,n < 0. Then 
ttq = C[a;„]„<oi t^i = 'C[xn]n<o ® Ci'i. In these variables the action of the derivative d on 
these spaces is given by 

^0 9Xn dcf) 

Let T : ttq — > TTi be the translation operator, which sends P e ttq to P t"! £ tti . In 
the new variables the operator Q : ttq — > tti is given by the formula 

(2.1.14) g^T^5„+i^, 

n<0 

where the polynomials Sn are the Schur polynomials, defined via the generating function: 

(2.1.15) Y.Snz'^^eMY.-—^'^)- 

n<0 m<0 

One can check that dSn = —XiSn — (n — l)^^-!, and therefore, by formula (2.1.12), the 
differential polynomial B_n coincides with Sn in the new variables x^- We summarize 
these results in the following Lemma. 

2.1.12. Lemma. The operator Q, given by formula (2.1.14), commutes with the action of 
the derivative d and the corresponding operator Tq —>■ J-\ coincides with the operator Q, 
given by formula (2.1.11). 
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2.1.13. Let us put deg 1 = 0, degfi = 1, deg x„ = — n. Since the x„'s generate the spaces 
ttq and tti from 1 and fi, respectively, this defines a Z— grading on these spaces such that 
the homogeneous components are finite-dimensionaL The operator d is homogeneous of 
degree 1, and we can define grading on the spaces J-q and by subtracting 1 from the 
grading on the spaces ttq and tti, respectively. The operators Q and Q are homogeneous of 
degree and therefore their kernels and cokernels are Z— graded with finite-dimensional 
homogeneous components. 

2.1.14. To find the space of local integrals of motion of the classical Liouville equation 
we have to find the 0th cohomology of the complex 



Consider the following double complex. 



(2.1.16) 



C 



-d 



We can calculate its cohomology by means of two spectral sequences (as general ref- 
erences on spectral sequences, cf., e.g., |15[)- In one of them the 0th differential is 
vertical. Therefore, in this spectral sequence the 1st term coincides with our complex 
with the degrees shifted by 1. Hence the 1st cohomology of the double complex coincides 
with the space of integrals of motion. 

In the other spectral sequence the first differential is horizontal. We have two identical 
complexes 

(2.1.17) TTo ITl. 

Let us calculate the cohomology of this complex. 

2.1.15. Proposition. The operator Q : -kq ^ -ki is surjective, so that its cokernel is equal 
to 0. The kernel Wo(s[2) of the operator Q contains an element W-2 of degree 2, such that 
Wo(0) coincides with the polynomial algebra C[Wn\n<-2, where Wn = d~^~'^W-2/ {—n — 
2)!. 

Proof. The operator Q = T~^Q is a linear combination of the vector fields Sn+id/ dxn, n < 
0, where Sq = 1 and Sn+i is a polynomial in . . . , Xn+i, n < —1. The operator 

— m<j< — 1 



is therefore a well-defined linear operator Q{m) from 



\x 



to itself. 
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The operator Q{m) is surjective. To see that, consider the dual operator Q{m)*, acting 

on the space dual to C[xj]j=_i Since our operator is homogeneous, it is sufficient 

to consider the restricted dual space, which we can identify with itself, choosing the 
monomials x'^j^ . . .x''_!'j^/{ki\ . . . kn^y^"^ as the orthonormal basis. The operator Q{m)* 
then has the form 

— m<j< — 1 

where S* is obtained from the polynomial Sj by replacing Xi with d/dxi. We see that 
the operator Q{'m)* is the sum of multiplication by X-i, which increases the power of 
any polynomial by 1, and other operators, which do not change or decrease the power. 
Since the operator of multiplication by x_i has no kernel, the operator Q(rri)* is injec- 
tive. Therefore, the operator Q{m) is surjective. Hence, the operators Q and Q are also 
surjective. 

For any n < —1, there exist polynomials W„ = {n-\-l)xn-\- W^, where is a linear 
combination of terms of power greater then 1 and of degree n, such that Q-Wn = 0. Indeed, 

Q{n) ■ Xn = Sn+i is an element of C[xj]j=_i n+i- The operator Q{n + 1) is surjective 

on this space. Therefore, there exists such W'l^ G C[xj]j=_i^...^n+i 

that Q{n + 1) ■ = 

-Q{n)-{n+l)xn. But then Q(n)-((n+l)a;n+VF;) = O^and hence g-W„ = TQ{n)-Wn = 0. 
In the coordinates Wn, n < —1, the operator Q is equal to 

The WnS are algebraically independent by construction, therefore the kernel of the oper- 
ator Q coincides with C[VF„]„<_i. 

Finally, we can choose as Wn the polynomial 9~"~^l^_2/(— n — 2)!. Indeed, the latter 
lies in the kernel of Q, because [d, Q] = 0. Its linear term is equal to {n + because 
the linear term of W^2 is —X-2, and the derivative preserves the power of a polynomial. 
The Proposition is proved. 

2.1.16. Remark. For any Z— graded vector space 

V = ®mezVim) 

with finite-dimensional homogeneous components, introduce its character as 

chy = Yl dimV(m)q'^. 

meZ 

The Euler character of the complex (2.1.17) is equal to 

chvTo — chTTi = chKerQ — chCokerQ = 

n(i -O"' 11(1 = 11(1- = 

n>l n>l n>2 

This formula shows that there exists an element of degree 2 in the kernel of Q. De- 
note it by W-2- The operator of multiplication by W-2, acting on ttq and tti, com- 
mutes with the action of Q. Further, since [9, Q] — 0, the operators of multiphcation by 

Wn = d~"'~'^W-2/ — 2)!,n < —2, also commute with Q. Therefore any polynomial 
in the W„'s, constructed this way, lies in the kernel of the operator Q. The algebraic 
independence of these WnS and the surjectivity of the operator Q allowed us to identify 
the polynomial algebra in the W„'s with the kernel of Q. 
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2.1.17. Proposition. The space /o(s[2) of local integrals of motion of the classical Liouville 
theory coincides with the quotient o/Wo(5t2) by the total derivatives and constants. 

Proof. We have to prove that the kernel of the operator Q coincides with the quotient of 
Wo (51^2) by the total derivatives and constants. As we explained before, this kernel is the 



same as the 1st cohomology of the double complex (2.1.16). By Proposition |2.1.15| , the 
first term of the spectral sequence, associated to this double complex, looks as follows: 

The 1st cohomology of this complex is equal to the quotient of Wo(sl2) by the total 
derivatives and constants. 

2.1.18. We can write down explicit formulas for the WnS as follows: 

i 2 -1 ^' " (-n-2)! 

Thus, the space /o(s[2) consists of local functional, which are defined by differential 
polynomials, depending on 

W = -u'^ - du. 
2 

These local functionals constitute a Poisson subalgebra in jFg. It is known that this 
Poisson subalgebra is isomorphic to the classical Virasoro algebra. 

The Virasoro algebra is the central extension of the Lie algebra of vector fields on 
the circle. Its dual space is equipped with the Kirillov-Kostant Poisson structure. This 
structure can be restricted to the hyperlane, which consists of the linear functionals, 
whose value on the central element is 1. If we choose a coordinate on the circle, then 
this hyperplane can be identified with the space of Laurent polynomials W{t). The local 
functionals on this space form a Poisson algebra, which is isomorphic to Iq{s[2). 

There is a map from a hyperplane in the dual space to the Heisenberg algebra to a 
hyperplane in the dual space to the Virasoro algebra, which sends u{t) to W{t) = ^u'^it) — 
dtu{t) and preserves the Poisson structure. This map is called the Miura transformation. 

In the case of the Liouville theory, which is the simplest Toda field theory, we were able 
to find explicit formulas for the local integrals of motion and identify their Poisson algebra 
with the classical Virasoro algebra. However, in general explicit formulas are much more 
complicated, and we will have to rely on homological algebra to obtain information about 
the integrals of motion. 

2.2. General case. 

2.2.1. Hamiltonian space. Let P) be the Cartan subalgebra of q. It is equipped with the 
scalar product (, ), which is the restriction of the invariant scalar product on g, normalized 
as in ||8ll]. In what follows we will identify f) with its dual by means of this scalar product. 

We choose as the Hamiltonian space the space Lf) of Laurent polynomials on the circle 
with values in 1), that is the space P) ® C[t,t~"'^]. 

Each element u(t) of LP) can be represented by its coordinates (it^(i), . . . ,u\t)) with 
respect to the basis of simple roots ai, . . . ,ai, where / is the rank of g. Let ttq be the space 
of differential polynomials of u(t), i.e. the space of polynomials in d"'u\ i = 1, . . . ,l,n > 0. 
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We define the space of local functionals as tlie space of functionals on Lf), which 
can be represented as formal residues 



where P G ttq. Again, we have the exact sequence 

^ TTo/C ^ TTo/C X Jo ^ 0. 

Introduce the Poisson structure on JFq by the formula 
(2.2.1) {F,G}[u(t)] = -/f^,a,^V^- 



Here and are vectors in the dual space to f), and we take their scalar product. 



(5u * (5u 

In coordinates, we can rewrite it as 



{F,G}[u(t)] = - y E 9, —rft. 

This Poisson structure has an interpretation as a Kirillov-Kostant structure on a hy- 
perplane in the dual space to the Heisenberg algebra P), which is the central extension of 
U) (cf. §|X|). 

Note that our conventions in the case of = (cf. § 2J.) differ from our conventions 
in general by a factor of 2, since for s[2 we have (a, a) = 2. 

2.2.2. Let us define other spaces of functionals on Lf). For each element 7 of the weight 
lattice P C [)* ~ [) we define the space vr^ = ttq (8> Cv^, equipped with the action of the 
derivative by the formula (9 + 7) ® 1, where 7 denotes the operator of multiplication by 
7 (as an element of ttq) on ttq. 

Let J-'^ be the quotient of by the image of the operator d, i.e. by the total derivatives. 
We have the exact sequence 

(2.2.2) — >'K^^7T^ — > J^^ — >0. 

As in § |2.1.8| , we can interpret JF^ as the space of functionals on Li) of the form 

P(9V(t))e^(*)rft, 



where 7(t) is such that dt'y{t) = 7(t). 

In the same way as in § |2.1.8| , we can extend our Poisson bracket (2.2.1) to a map 

by the formula 



(2.2.3) { J Pdt,J Re^dt} = J 



5u'^i Uu' * 6u 



dt. 



One can check that this bracket satisfies the Jacobi identity for any triple F,G & J^q, H ^ 
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2.2.3. The Toda hamiltonian. We can now introduce the hamiltonian of the Toda field 
theory, associated to g, by the formula 

I 



1=1 



where (j)i{t) = ai{t). Note that / e'^^^^^dt stands for the image of G 7i"ai under the 
projection vTq,- To^- The equation 

U(t) = {U(t),i/}, 

where U(t) denotes the delta-like functional as in § |2.1.9| , coincides with the Toda equation 
(1.1.1). 

The operator Qi = {-, / e<^»Wc/t} is a well-defined linear operator, acting from JFq to 
JF^.. We can therefore give the following definition. 

2.2.4. Definition. The kernel of the linear operator 

1 ' - I 

i=l 

will be called the space of local integrals of motion of the classical Toda field theory asso- 
ciated to Q and will be denoted by /o(g). 

2.2.5. Clearly, /o(0) is equal to the intersection of the kernels of the operators Qi : J^q ^ 
ToLi- By Jacobi identity, /o(0) is a Poisson subalgebra of Tq. 

Let us write down an explicit formula for the operator Qi. 

It is convenient to pass to the new variables x\ = S'^^^m*/ (— n — 1)!, -i = 1, . . . , /, n < 0. 
Then Hy = C[x^] ® Cv^ (here Vq = 1). 

In these new variables the action of the derivative d can be written as 

where the action of d/d(j)i on vr^ with 7 = I]i=i Uca is given by multiplication by U. 
Let Ti : Tiy ^ be the translation operator, which maps P®f-y G % to P®t>^+Q,- G 

Introduce the operators Qi : by the formula 

(2.2.4) Q, = T,Y.S'n+id^\ 

n<0 

where 

j=l UXn 

and the Schur polynomials 5*^ are given by the generating function 

^s;z" = exp(5:-^z-). 

n<0 m<0 ^ 

2.2.6. Lemma. The operator : ttq — *■ tTq. commutes with the action of derivative d and 
the corresponding operator JFq — > JFq,- coincides with the operator Qi . 



Proof. The same as in Lemma 2.1.12. 
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2.2.7. Our task is to compute the kernel of the operator Y.i=i Qi-, or, in other words, the 
0th cohomology of the complex 

(2.2.5) ^0 — ^ ©Li-^ar 

The cohomology of this complex is very difficult to compute. Indeed, it is clear that the 
1st cohomology is very large, because the first group of the complex is "/ times larger" than 
the 0th group. So, we can not use the argument we used in the proof of Proposition p. 1.15 



What is even worse is that as was explained in the Introduction, for such a complex it is 
virtually impossible to prove that the cohomology classes can be quantized. 

To fix this situation we will extend this complex further to the right. Clearly, by 
doing so we will not change the 0th cohomology, but we will be able to kill all higher 
cohomologies. We will then use the resulting complex to compute the 0th cohomology, 
and to prove that it can be quantized. 

First of all, it is convenient to realize our complex as the double complex 

C 



(2.2.6) 



TTO 



C 



in the same way as in § |2.1.14 



We can compute the cohomology of the double complex (2.2.6) by means of the spectral 
sequence, whose first term consists of two identical complexes 



(2.2.7) TTo - 

We will extend both complexes (2.2.7) in such a way that the higher differentials will 
commute with the derivative d. We will then be able to form a double complex, which 
will give us an extension of the complex (2.2.5) that we are looking for. 

The key observation, which will enable us to do that, is as follows. Introduce the 
operators Qi : t^q ^ ttq as T~^Qi. We will use the notation adA ■ B = [A,B]. 

2.2.8. Proposition. The operators Qi satisfy the Serre relations of the Lie algebra g 

(adg,)-"-+^-Q, = 0, 

where 11 the Cartan matrix of g. 

Proof. The Proposition follows from the following formula: 



(adQ.)'" ■ = ■ (-a., - m + 1) ^ S^^ . . . S^^Si^^^ 



1 



ni 



ni,... ,nm+i<0 



'-'ni+...+nm+l '^ni + ...+nm+i I ' 



ni . . . 



^ ni + . . . . . . + n^+i 
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where Cm is a constant. This formula can be proved by induction, using the commutation 
relations 



■'m—n 

n 



(here we put 5*4 = 0, if m > 0) and the simple identity 

1 1 1 



a(a + h) b(a + b) ah 

2.2.9. Remark. In the proof of Proposition |2.2.8| we never used the fact that ||ajj|| is the 
Cartan matrix of a simple Lie algebra. In fact, we could associate the main objects, 
defined in this section, such as vr^, J-'^, the Poisson structure, and the operators Qi to any 
symmetrizable Cartan matrix, so that the results of this section, such as Proposition |2.2.^ , 
remain valid. 



2.2.10. Proposition p.2.8| shows that the operators Qi generate an action of the nilpotent 
subalgebra n+ of g on ttq. In order to extend the complex (2.2.7), we will use the Bernstein- 
Gelfand-Gelfand (BGG) resolution of the trivial representation of q by Verma modules. 
We will recall the relevant facts about this resolution in the next subsection. 

2.3. BGG resolution. 

2.3.1. Verma modules. Recall that the Lie algebra g has the Cartan decomposition g = 
n_ © P) © n+. For A G f)* denote by Cx the corresponding one-dimensional representation 
of f). We can extend it trivially to a representation of b_ = f) © n_. The induced module 
over g, 

Mx = U{q) ©{7(t,_)CA, 

is called the Verma module with lowest weight A. It is freely generated from the lowest 
weight vector 1^ = 1 © 1 by the action of the nilpotent subalgebra n+ of g. 

A vector w in Mx is called a singular vector of weight fi, if it satisfies the properties: 

n_-w = 0, y-w = fi{y)w,ye\). 

In particular, 1a is a singular vector of weight A. A singular vector of weight fi generates 
a submodule of Mx, which is isomorphic to the Verma module M^. 

Consider the Verma module Mq. It is known that the singular vectors of Mq are labeled 
by the elements of the Weyl group of g [|l^. Such a vector Wg, corresponding to an element 
s of the Weyl group, has the weight p — s(p), where p E h* is the half-sum of the positive 
roots of g. Let us fix these vectors once and for all. 

2.3.2. The definition of the resolution. The BGG resolution is a complex, i.e. a Z— graded 
vector space 

BM = ®j>oBj{Q), 

together with differentials dj : -Bj(g) —>■ -Bj_i(g), which are nilpotent: the composition of 
two consecutive differentials dj_idj is equal to 0. 

The vector space -Bj(g) is the direct sum of the Verma modules Mp_s{p), where s runs 



over the set of elements of the Weyl group of length j [|TT|. 

Once we fixed the vectors Ws, we have canonical embeddings Mp_5(p) — > Mq. Therefore 
the module Mp_s{p) can be thought of as a submodule of the module Mq, generated by 
the vector Wg- It is known that the vector Wg' belongs to the module Mp_s(p) if and only 
if s ^ s' with respect to the Bruhat order on the Weyl group [ITOl. It is clear that these 



vectors are singular vectors of the module Mp_s(^p) and that there are no other singular 
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vectors in this module. In that case we have an embedding is',s '■ Mp_s'{p) ~^ Mp^s(p), 
which sends the lowest weight vector of Mp^g/f^p-^ to the singular vector of Mp_s(p-^ of 
weight p — s\p). 



2.3.3. Lemma. ^ 

(a) Let s and s" he two elements of the Weyl group, such that s -< s" and l{s") = 
l{s) + 2. Then there are either two or no elements s' , such that s -< s' -< s" . 

(b) Let us call a square a set of four elements of the Weyl group, satisfying the condi- 
tions of the part (a). 

It is possible to attach a sign e^'^s, + or —, to each pair of elements of the Weyl 
group s, s' , such that s -< s', l{s') = l{s) + 1, so that the product of signs over any 
square is —. 

2.3.4. The differential. We are now ready to define the differential of the BGG resolution 
dj : Bj{Q) ^ Bj^i{g) as 

(2.3.1) dj= es',s-is',s- 

l{s)=j-l,l{s')=j,s^s' 

In other words, we take the sum of all possible embeddings of the Verma modules, which 



are direct summands of Bj{g), with the special choice of signs from Lemma 2.3.3 . By 
definition, these differentials commute with the action of q. 

2.3.5. Theorem. |TT|] 

(a) The differentials dj,j > 0, are nilpotent: dj_idj = 0, and so B^{q) is a complex. 

(b) The 0th homology of the complex B^{q) is the trivial one- dimensional representa- 
tion of Q, and all higher homologies vanish. 



Proof. In the notation of § |2.3.2| , we have Wg' = Ps',s ■ i^s, for some element Pg' s of U (ri+). 
If we have a square s, s[, Sg, s" of elements of the Weyl group, such that s -< s[, $2 -< s", 
then we can write: Wg" = Ps",s[Ps[,sWs and Wg" = Ps",s'2Ps'^,sWs- Therefore we obtain the 
following identity 

(2.3.2) Ps",s'Ps'„s = Ps",s',Ps'„s 

in f/(n+). By definition, is',s{u ■ Ip-s'(p)) = {uPs',s) ■ Ip-s(p)- So, we obtain from formula 
(2.3.2): igi o Zg// = i^/ o ig,, ,./ . Thus, because of our sign convention (cf. Lemma [2.3.3| , 



(b)), such terms in the composition of two consecutive differentials dj-idj will cancel out. 
This proves part (a) of the Theorem. 

The proof of part (b) is rather complicated; it uses the so-called weak BGG resolution, 
which is obtained from the de Rham complex on the big cell of the flag manifold of g (cf. 

Q)- 

2.3.6. Remarks. (1) One can define analogous resolutions for arbitrary finite-dimensional 
representations of q. 

(2) There are generalizations of the BGG resolutions to arbitrary symmetrizable Kac- 
Moody algebras [|107|| . We will use such resolutions for affine algebras in § ^. 

2.4. Extended complex and its cohomology. One of the main applications of the 
BGG resolution is to computation of the cohomologies of the nilpotent Lie algebra ri-i- of 
0. In this subsection we will use this resolution to extend our complex (2.2.7), and to 
compute the cohomology of the resulting complex. 
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2.4.1. The jth component F^{g) of our extended complex 

will be the direct sum of the spaces TTp-s{p)) where s runs over the set of elements of the 
Weyl group of length j. 

Now let us define the differentials. The algebra ?7(n+) is generated by Cj, i = 1, . . . , /, 
which satisfy the Serre relations. So any element of U{x[.+ ) can be expressed in terms of Cj. 
Let Psi,s{Q) '■ T^p-s{p) — ^ T^p-s'ip) be the map, obtained by inserting into Ps'^s € U{x\.j^) the 
operators Qi instead of Cj. We can then introduce the differential 5^ : F-'^^(g) F^{q) 
of our complex by the formula 

(2.4.1) 5^= ^s',s-Ps'AQ)- 

l{s)=j~l,l{'^')=j,s^s' 

2.4.2. Lemma. The differentials 6\j > 0, are nilpotent: 6^~^^6^ = 0, and so F*{q) is a 
complex. 



Proof. Just as in the proof of part (a) of Theorem |2.3.5| , we have to check that Ps",s[{Q) 



Ps' ,s{Q) = Ps",s' {Q)Ps' ,s{Q)- But this follows at once from (2.3.2), since, according to 



Proposition 2.2.8|, the operators Qi, and therefore the operators Qi, satisfy the defining 



relations of the algebra f/(n+). 

2.4.3. We introduce a Z— grading on the complex F*{q) by putting degx^ = —n, and 
degVp_s{p) = {p^ , P — s(p)), where G h* is defined by the property (p^,aj) = l,i = 
1, . . . , / . Clearly, all homogeneous subspaces of vr^ have finite dimensions. With respect 
to this grading, the operator d is homogeneous of degree 1, and we can define a grading 
on the spaces J-'^ by subtracting 1 from the grading on the space vr^. The differentials 6^ 
are homogeneous of degree with respect to this grading. Therefore our complex F*{g) 
decomposes into a direct sum of finite-dimensional subcomplexes, corresponding to its 
different graded components. 

2.4.4. Example of sis. In this case the Weyl group consists of six elements. It is generated 
by two reflections: Si and S2 with the relation S1S2S1 = S2S1S2. The complex F*{sl2,) is 
shown on Fig. 1. 

The vertices represent the spaces Hp_s(^p), and arrows represent the maps of the differen- 
tial. There are four squares. The anti-commutativity of maps, associated to one of them, 
reads: 

Ql Q2 = -AQi. 

To find a solution A to this equation, let us consider the Serre relation, which the operators 
Ql and Q2 satisfy (cf. Proposition |2.2.8| ): 

(adgi)2 . Q2 = QIQ2 - 2Q1Q2Q1 + Q2QI = 0. 

Therefore, A = —2Q1Q2 + Q2Q1 is such a solution. Similarly, if we put B = —2Q2Q1 + 
Q1Q2', then all squares will be anti-commutative. 
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TT, 



02 



^«i+2q!2 




+a2 



Fiff. 1 



Our complex F*{sl3) has four non-trivial groups: F^{sls) = 7ro,F^(s[3 



71 

" 02 ' 



'.sU 



^2ai+2a2- 



The differentials have the 



form: Si = Qi + Q2, 62 = Qj + Ql + A + B, and 63 = Qi + Q2. 

2.4.5. Proposition. The cohomologies of the complex F*{q) are isomorphic to the coho- 
mologies of the Lie algebra n+ with coefficients in the module ttq, if*(n4.,7ro). 

Proof. The complex F*{q) is isomorphic to Homn^(i?*(0), ttq). Indeed, for any A the 
module M\ is isomorphic to a free n+— module M with one generator. Therefore the 
space of n+— homomorphisms Homn^(M, ttq) is canonically isomorphic to ttq. Indeed, any 
non-zero homomorphism x G Homn^(M, ttq) defines a non-zero element in ttq: the image 
of the lowest weight vector of Af. The embedding is'^s of M into itself then induces 
the homomorphism from ttq to ttq, which sends ?/ G ttq to P^'.s ■ V- This is precisely the 
homomorphism Ps',s{Q)- Hence the differentials dj of the BGG resolution B^:{q) map to 
the differentials 5^ of the complex F*{q). 

According to part (b) of Theorem p.3.5| , the BGG resolution -B*(0) is the resolution of 
the trivial n+— module by free n+— modules. The cohomologies of the Homn+ of such a 
resolution to an n+— module, are, by definition, the cohomologies of n+ with coefficients 
in this module, cf., e.g., [|76[. Therefore the cohomologies of the complex F*[q) coincide 
with -ff*(n+, TTo). 

2.4.6. Proposition. All higher cohomologies of the complex F*{q) vanish. 

Proof. Each of the root generators Cq, of n+ acts on ttq by a certain vector field. This 
vector field has a shift term, which is a linear combination of d/dx\ (cf. the proof of 
Proposition 3.1.101) . It follows from the proof of Proposition p.2.5| that the shift terms of 
the root generators of n+ are linearly independent. Therefore the dual operators to are 
equal to the sum of some linear combination of x\ and some differential operators which 
do not change or decrease the power of a polynomial (cf. the proof of Proposition 2.1.15|) . 
Hence the dual module to the module ttq is a free n+— module. But then the module 
TTo is injective, and so all higher cohomologies of n+ with coefficients in ttq must vanish. 
Proposition 2.4.5| then implies that all higher cohomologies of the complex F*{q) vanish. 



2.4.7. Proposition. There exist elements W^}^_i, . . . , W'^'j:^_i o/ttq of degrees di + 1, ... ,di 
+1, where the di's are the exponents of q, such that the 0th cohomology WqIq) of the 
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complex F*{q) is isomorphic to the polynomial algebra 
where W^}} = d-"'^-'^^-^W%^J{-ni - di - 1)!. 

Proof. The algebra ttq is the inductive hmit of the free commutative algebras with the 
generators x^, —M < n < —1. Hence the spectrum of ttq is the inverse limit of the affine 
spaces Rm, M > 0, with the coordinates x^, —M < n < —1. From the explicit formula for 
the action of the generators of the Lie algebra n_|_ on ttq we see that the algebras C[-Rm] are 
preserved under the action of n+ (cf. the proof of Proposition 2.1.15| ). The infinitesimal 



action of n+ on Rm by vector fields can be integrated to an action of the Lie group 
by means of the exponential map n+ —>■ N^, which is an isomorphism. The action of 
commutes with the projections Rm+k Rm- 

At each point of the spectrum of ttq the vector fields of the infinitesimal action of the 
root generators Cq, of n_|_ are linearly independent (cf. the proof of Proposition |2.4.6|) . 



Hence the action of iV+ on Rm is free for M large enough. The orbits of this action are 
isomorphic to the affine space C'^™^+. Therefore the quotient space Rm/N+ is also an 
affine space and the algebra of functions on this space is a free commutative algebra. 

Since the projections Rm+k Rm are compatible with the action of A^+, we can take 
the inverse limit of the quotient spaces Rm/N^. The algebra of functions on this inverse 
limit is the inductive limit of the free polynomial algebras of functions on Rm/N^ and 
therefore it is a free polynomial algebra with infinitely many generators. It consists of 
all A^_|_ -invariant elements of ttq, which are the same as the n+ -invariant elements. Hence 
this algebra coincides with the 0th cohomology of our complex. 

The algebra ttq is Z-graded and the action of n+ preserves this grading, if we introduce 
the principal grading on n+ by putting dege^ = 1. Therefore the 0th cohomology of our 
complex is also Z-graded, and it is easy to compute the degrees of the generators of this 
algebra by computing its character. 

By Proposition [^.4.6| , all higher cohomologies of the complex F*{q) vanish. Therefore, 



the character of the 0th cohomology is equal to the Euler character of the complex. The 
latter is equal to 

j>0 l{s)=j n>0 s 

From the specialized Weyl character formula we deduce 

s l<i<l,l<ni<di 

This gives for the character of the 0th cohomology, VVo(0), 

chWo(g)= n 

l<i<l,ni>di 

This formula shows that the 0th cohomology is the free commutative algebra with gener- 
ators py^*-* of degree — n^, where 1 < i < l,ni < —di. In the same way as in the proof of 

Proposition |2. 1 . 15| we can see that as the generators Wj^^ we can take d~'^^~'^'~^w!il._i/ {—rii 
di — 1)!. The Proposition follows. 
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2.4.8. Lemma. Let P be a homogeneous element of the algebra U{n+) of weight 7, such 
that P-l\ is a singular vector of the Verma module M\ of weight A + 7. Then the operator 
P{Q) '■ vta 7rA+7 commutes with the action of the derivative d. 

Proof. The action of the derivative d on tta differs from its action on ttq by the operator 
of multiphcation by A_i. We have: [A_i,(5i] = (oj, A)rj. Therefore, by Lemma [2.2.6| , 
the commutator of the operator Qi : 'Ux ^ T^\+a, with d is equal to A)Tj. Hence, 
the commutator of the monomial Qi^ . . . Qi^ : -k\ T^\+-y, where 7 = SjLi with d is 
equal to 

m 

^(oj^., A + Oil + . . . + ai^_^)Qi^ ...Ti.... Qi^. 
i=i 

This precisely coincides with the action of 

E(Oj, Oti) 

i=l 

where the fi,i = 1, . . . ,1, are the generators of the Lie algebra n_ , on the vector Cj^ . . . Cj^ 1a 
of the Verma module Ma. If Pl\ is a singular vector in M\, then 

E^^/.-P1a = 0, 

1=1 ^ 

and so [d, P(Q)] = 0. 

2.4.9. Corollary. The higher differentials 6\j > 1, of the complex F*{q) commute with 
the action of the derivative d. 

Proof. Each is a linear combination of maps Pg'^siQ)- Since by definition P^'.s defines 
a singular vector, such a map commutes with d by Lemma |2.4.8| . 

2.4.10. Theorem. The space Io{q) of local integrals of motion of the classical Toda field 
theory, associated with q, coincides with the quotient 0/ VVo(0) by the total derivatives and 
constants. 

Proof. Using Corollary p.4.9| , we can construct the double complex C — > ^*{q) — ^ 
F*{q) — >■ C, which is shown on Fig. 2. 

By Corollary |2.4.9| , the total differential of this complex is nilpotent. If we compute 
the cohomology of this complex by means of the spectral sequence, in which the 0th 
differential is vertical, then in the first term we obtain the complex F*{q) = (Bj>oF-'{Q), 
where 

F^{g) = ®i(s)=jJ^p~s{p)- 
By definition, the 0th cohomology of the complex F*{g) is the space /o(0)- Therefore it 
coincides with the 1st cohomology of our double complex. 

But we can compute this cohomology by means of the other spectral sequence, in which 
the 0th differential is the horizontal one. Then the Theorem follows from Proposition p. 4. 7 
in the same way as in the proof of Proposition |2.1.17. 
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Fig. 2 



2.4.11. The Adler-G elf and- Dickey algebra. According to Theorem 2.4. 1U| , the Poisson al- 
gebra /o(0) of local integrals of motion of the Toda field theory associated to g is the 
algebra of local functionals on a certain hamiltonian space, H{q). 

This Poisson algebra coincides with the Adler-Gelfand-Dickey (AGD) algebra, or the 



classical W— algebra |71 



The Drinfeld-Sokolov reduction |^ Q produces the hamiltonian space of the AGD 
algebra as the result of a hamiltonian reduction of a hyperplane in the dual space to 



the affinization q of q. Following the standard technique of hamiltonian reduction |[83 
one can obtain this algebra as the 0th cohomology of the corresponding (classical) BRST 
complex. 

It was explained in [^, ^ that the complex F*{q) appears as the first term of 
a spectral sequence, associated to the BRST complex of the Drinfeld-Sokolov reduction. 
Therefore /o(0) is precisely the AGD algebra. We also see that higher cohomologies of 
the BRST complex vanish. 

Usually, one constructs a map, which is called the Miura transformation, from the 
hamiltonian space Lf) to H{q), which preserves the Poisson structures. The image of the 
inverse map of the spaces of functionals embeds the AGD algebra into JFg. As we have 
explained, the image of this map coincides with the algebra of local integrals of motion of 
the corresponding Toda field theory, and can be characterized in very simple terms as the 
intersection of the kernels of certain linear operators, acting from J-'o to the spaces JFq,. . 

For the classical simple Lie algebras explicit formulas for the Miura transformation map 
are known . They give explicit formulas for the generators Wji^ of the Poisson algebra 
/o(0). 

For example, the AGD hamiltonian space if(s[„) is isomorphic to the space of differ- 
ential operators on the circle of the form 

n-l 
i=l 

The Miura transformation from the space Li), which consists of functions on the circle 
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with values in the Cartan subalgebra f) of sin, u(t) = (u^it), . . . to -ff(s[„) can 

be constructed as follows. 

Introduce new variables v^{t), . . . such that Y17=i ^*(^) = O5 u\t) = t>*(t) — 

v'+\t). Then put 

n-l 

d? + E W^'\t)d'^-'-^ = {dt + v\t)) ...{dt + t;"(t)). 

i=l 

These formulas allow to express as a differential polynomial in u^{t) (cf. § |2.1.15| 

for the case of SI2, when the AGD algebra is isomorphic to the classical Virasoro algebra). 
One can find other generators W^^\t) of iQ^sln), which transform as tensor fields on the 
circle under changes of variables p8|] . 

2.4.12. Integrals of motion in the extended space of local Junctionals . As in § |2.1.4|, we can 



extend our Poisson algebra of local functionals JFg by adjoining all Fourier components 
of differential polynomials, not only the (— l)st ones. Let JFq be the space of functionals 
on Lf), which can be represented as residues of differential polynomials with explicit 
dependence on t: 

F[u{t)] = J p{d''u'{ty,t)dt. 

We can define the Poisson structure on JFq by the same formula (2.2.1). Thus, J-'o is a 
Poisson algebra, and JFq C J^q is its Poisson subalgebra. 

Analogously, one can define the spaces JF^,7 G P by allowing differential polynomials 
to depend on t. 

One has the analogue of the exact sequence (2.2.2): 

— > vr^ ® C[t, t-^] vr^ ® C[t, t'^] — > J"^ — ^ 0, 

where the action of (9 on tt^ ® C[t, t^^] is given by 9 (8) 1 + 1 ® i9(. If 7 = 0, we have to 
replace the first ttq ® C[t, t'^] by ttq ® C[t, t'^/C ® C. 

The Poisson bracket with / e'^^^^^dt defines a linear operator jFg j^^i, which we also 
denote by Qi. We can then define the space of integrals of motion of the Toda field theory 
as the intersection of kernels of the operators Qi : J^o ^ ^ai-,i = 1, . . . , /. 

We can use the methods of this section to compute this space. Indeed, consider the 
tensor product of the complex F*{q) with C[t,t~^], with the differentials acting on the 
first factor as 5^ and identically on the second factor. Such differentials commute with 
the action of the derivative, and therefore we can use the double complex 

C ® C — > F*{q)® C[t, t-^] — > F*(0) ® C[t, t-^] — 

to compute the space of integrals of motion. 

The cohomologies of the complex F*{q) ® C[t, t~^] are equal to the cohomologies of the 
complex F*{q) tensored with C[t, We deduce from Proposition |2.4.7] that the space of 



integrals of motion is isomorphic to the quotient of >Vo(g)(S'C[t, t ] by the total derivatives 
and constants. This Poisson algebra is the algebra of local functionals on the AGD 
hamiltonian space H{q), extended in the same way - by adjoining all Fourier components 
of differential polynomials. It contains /o(0) as a Poisson subalgebra. Sometimes it is this 
algebra, which is called the classical W— algebra. 

3. Classical affine Toda field theories. 
3.1. The case of s[2 — classical sine-Gordon theory. 
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3.1.1. Hamiltonian structure. The hamiltonian space of the classical sine-Gordon theory 
is the same as the hamiltonian space of the classical Liouville theory, namely, the space L\) 
of polynomial functions on the circle with values in the one-dimensional Cartan subalgebra 

of s[2, cf. § |2.1.1j . As the space of functions on this space, we again take the space 
of local functionals. The Poisson structure on jFg is given by formula (2.1.2). 

We also define spaces 7r„, G Z, as the tensor products ttq ® Cf where ttq is the space 



of differential polynomials (cf. § |2.1.1| ), and extend the action of derivative d from ttq 
to Tin by the formula {d + n ■ u) ® 1. We then put: = 7r„/<9vr„. This space has an 
interpretation as the space of functionals of the form 

P{u{t),du{t),...)e'"^^'^dt. 



As in § |2.1.8| , we can extend the Poisson structure on jFg to well-defined maps jFg x JF„ 



JF„ given by the formula 

6u 



(3.1.1) { J Pdt, J Re-Ut} = J^-£ -^^dt = J 



dt. 



These brackets satisfy the Jacobi identity for any triple F,G E J-'o, H E J^n 



3.1.2. The sine-Gordon hamiltonian and local integrals of motion. The hamiltonian H of 
the sine-Gordon model is given by 



H = J e^'-'^dt + J e-^'-'^dt eJ^i® T^x. 



In other words, it is equal to the sum of the projections of the vectors v±\ G ii±\ to T±\. 
One can check that the corresponding hamiltonian equation 

drU{t) = {U{t),E} 

coincides with the sine-Gordon equation (1.1.3). 

We then define the space of local integrals of motion /o(sl2) of the sine-Gordon theory 
as the kernel of the linear operator 

where Qi = {■,/e<^Wc?t} : J^i, and Qo = {^/e-^Wc/t} : Tq T-x- In other words, 

/o(s[2) is the intersection of the kernels of the operators Q\ and (Qq- By the Jacobi identity, 
/o(s[2) is closed with respect to the Poisson bracket. Note that the operator Q\ coincides 
with the operator Q, defined by (2.1.11), and therefore /o(sl2) is a Poisson subalgebra in 
the Poisson algebra /o(st2) of local integrals of motion of the Liouville theory, that is in 
the classical Virasoro algebra. 

3.1.3. Now introduce the operators Qi • ^ 7i"m+i and '■ T^m ^ T^m-\ by the 
formulas: ^ ^ 

where T^^ : VTm '^m±i are the translation operators, and are the Schur polynomials: 



n<0 m<0 



Z 

m 
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We will also need the operators Qi = T^^Qi and Qo = TQq, which are linear endo- 
morphisms of tcq of degree 1. Note that S*^ coincides with Sn, given by formula (2.1.15), 
and so Qi coincides with Q, given by formula (2.1.14). 

In the same way as in Lemma 2.1.12| , one shows that the operators Qi and Qo, acting 



from ttq to tt-i-i commute with the action of derivative d, and that the corresponding 
operators jFg T±\ coincide with Q\ and Qo- 

The following Proposition will enable us to compute the space of local integrals of 
motion loisX'i). 

3.1.4. Proposition. The operators Qi and Qo satisfy the Serre relations of the Lie algebra 

(adQi)3-Qo = 0, (adQo)'-Qi = 0. 



Proof follows from Proposition |2.2.8| and Remark |2.2.9 



3.1.5. Thus, operators Qo and Qi generate an action of the nilpotent subalgebra n+ of 
512 on the space ttq. We will use this fact and the BGG resolution for SI2 to extend the 
complex 

whose 0th cohomology is, by definition, the space Iq{s12), to a larger complex with nicer 
cohomologies. 

Again, as in the previous section, we will be using the double complex, which consists 
of the spaces 7r„. So, our task is to extend the complex 

TTo > TTi © 7r_i 

in such a way that all higher differentials commute with the action of the derivative. 

3.1.6. BGG resolution ofsi2- As in the case of finite-dimensional Lie algebras, there exists 
a BGG resolution B^:{sl2) of sl2 [|1071| . It is a complex, consisting of Verma modules over 



s[2, whose higher homologies vanish, and the 0th homology is one-dimensional. 

The jth group Bj{5l2) of this complex is equal to Mq, if j = 0, and M2j © M_2j, if 
j > 0. Here Mx stands for the Verma module over sl2 of level and lowest weight A 
(that is the weight of the Cartan subalgebra of sl2, embedded into SI2 as the constant 
subalgebra). Such a module is defined in exactly the same way as a Verma module over 
a finite-dimensional Lie algebra (cf. § |2.3.1|) . 



The module Mq contains the singular vectors, labeled by the elements of the Weyl 
group of SI2. Let us denote them by Wq, and Wj, Wj,j > 0. The weight of Wj (respectively, 
w'j) is equal to 2j (respectively, — 2j), and it generates the submodule of Mq, which is 
isomorphic to M2j (respectively, M_2j). We have wi = Y(wo,w[ = YiWq, and wj = 
XjWj-i,Wj = YjWj-i,Wj = XjWj_i,Wj = YjWj_i, for j > 1, where Xj,Yj,Xj and Yj are 
certain elements from U{n+). 

The differential dj : ^j-i^J > 0) given by the alternating sum of the embed- 

dings of M2j and M_2j into M2(j_i) and M_2(j_i), which map the lowest weight vectors 
to the corresponding singular vectors. The nilpotency of the differential, dj_idj = 0, is 
ensured by the commutativity of the embeddings, corresponding to the "squares" in the 



Weyl group and a special sign convention, analogous to the one from Lemma 2.3.3 
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vr-2 




Fiff. 3 



3.1.7. Extended complex. We are ready now to define the extended complex F*{sl2) (cf. 
Fig. 3). The jth group F*(s[2) of this complex is equal to ttq, if j = 0, and 7rj©7r_j, if j > 0. 
The differential : F^-\q) F^{q) is given by the formula 6^ = Yo{Q) + Y^{Q),6^ = 
XjiQ) - {-\yYj{Q) - (-1)^Y/(Q) +Xj(g), j > 1, where we insert into these elements of 
f/(n+) the operators Q\ and Qo instead of the generators e\ and cq. 

The nilpotency of the differential, = 0, follows from the relations in f/(u+): 

XjYj-i = YjXj—i,XjYj_^ = YjX'j_-^.jXjXj-i = YjYj-i, and X'jX'j^^ = YjYj_-^^, and 
Proposition |3.1.4| . 



Note that = Q?^~\Fj(Q) = QI^~\ Other operators are more complicated, but 

explicit formulas for them can be obtained in principle from the commutativity relations 
above, using the Serre relations, in the same way as in § |2.4.4 . 

Let us introduce a Z— grading on our complex, by putting degf„ = n^, and degx^ = 
— m. One can check that with respect to this grading the differentials 6^ are homogeneous 
of degree 0. Therefore our complex is a direct sum of finite-dimensional subcomplexes, 
corresponding to various graded components. 

3.1.8. Proposition. The operators Qi and Qq define an action of the nilpotent Lie sub- 
algebra n+ of si2 on ttq. The cohomologies of the complex F*{sl2) are isomorphic to the 
cohomologies o/n+ with coefficients in vto, if*(n+, ttq). 



Proof. The same as in Proposition ^.4.5 . 

3.1.9. Principal commutative subalgebra. Recall that in the realization of as the central 
extension of the loop algebra SI2 ®C[t, t^^], the nilpotent subalgebra 1X4. of sl2 is identified 
with the Lie algebra (1X4. (S> 1) © {sl2 <S) tC[t]), where n+ is the nilpotent subalgebra of sl2- 
Let e, h and / be the standard generators of sl2- If y is one of them, we will denote by 
y{m) the element ?/ (S> of s[2. The basis of n+ consists of e{m),m > 0,h{m),m > 0, 
and f{m),m > 0. 

Let a be the commutative subalgebra of n+, which is linearly generated by e(m) + 
/(m + l),m > 0. We call a the principal commutative subalgebra. 

3.1.10. Proposition. The cohomologies of the complex F*{sl2) are isomorphic to the exte- 
rior algebra A*(fl*) of the dual space to the principal commutative subalgebra o/n+. 
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Proof. If X is an operator on ttq of the form J2i^id/dxi, where Xi are polynomials 
in Xn, then we can define its shift term as the sum of terms Xid/dxi, for which Xi is 
a constant. According to the definition of the operators Qi and Qo, their shift terms 
are equal to d/dx-i and —d/dx-i, respectively. Thus the shift term of the operator 
p = e(0) + f{l) = Qo + Qi is equal to 0. This operator has the form J2n<o g,/ ^ > where 
A„ = 5+ — S~ is a certain polynomial in Xm', An is equal to — higher power terms. 

It is known that the Lie algebra n+ splits into the direct sum Ker(ad p)© Im(ad p), and 
that Ker(ad p) = a. In the principal grading of n+, in which dege(O) = l,deg/(l) = 1, 
Im(ad p) is linearly generated by vectors of all positive degrees, and Ker(ad p) is linearly 
generated by vectors of all positive odd degrees. 

The element (adp)'" ■ ei, m > 0, can be chosen as a generator Um+i of Im(adp) of degree 
m + 1. By induction one can check that the shift term of the operator (adp)™ ■ Qi is 
equal to a non-zero multiple of d/dx-m-i- Indeed, suppose that we have shown this for 
m = 0,l,... ,n — 1. Since p does not have a shift term, the shift term of Un+i = [p, Vn] is 
equal to the commutator of the shift term d/dx-n (times a constant) of ?/„ and a linear 
term of the form X-nd/dxj from p. There is only one such summand in p, namely, 

2 d 

X- 



n OX-n~l 

Its commutator with d/dx^n is equal to d/dx^n-i up to a non-zero constant. Therefore 
the shift term of Un+i equals d/dx-n-i up to a non-zero constant. 

In the same way we can show that the shift term of any element of Ker(adp) has to be 
0, because otherwise the commutator of this element with p would be non-trivial. 

Let us consider the module tTq over n+, dual to ttq. One can identify ttq with tTq as vector 
spaces. We can then obtain the formulas for the action of n_|_ on tTq from the formulas for 
its action on ttq by interchanging x^s and d/dxm^s (cf. the proof of Proposition |2.1.15|) . 



Since the Lie algebra a acts on ttq by vector fields, which have no shift terms, this Lie 
algebra acts by on the vector 1* G vtq, dual to 1 G ttq. Let L be the n+— module, induced 
from the trivial one- dimensional representation of the Lie subalgebra a of n+: 

L = f/(n+) ^uia) C. 

Since the vector 1* G ttq is a-invariant, there is a unique n+— homomorphism: L ttq, 
which sends the generating vector of L to 1*. 

Under this homomorphism, a monomial Ui^ . . . yi„^ 1 G L maps to a vector of ttq , 
which is equal to a non-zero multiple of . . . lower power terms. Therefore this 

map has no kernel. On the other hand, the character of the module L in the principal 
gradation is equal to 

n>0 

This coincides with the character of the module tTq. Therefore, tTq is isomorphic to L as 
an n+— module. 

Going back, we see that the module ttq is isomorphic to the module L*, which is the 
n+— module coinduced from the trivial representation of a. 

By "Shapiro's lemma" (cf. |6|, §1.5.4, §11.7), H*{n+,7To) ~ H*{a,C)- But a 
is an abelian Lie algebra, hence H*{a,C) = /\*{a*). The Proposition now follows from 



Proposition 3.1.8 
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3.1.11. Theorem. The space Io{sl2) of local integrals of motion of the sine-Gordon model 
is linearly generated by mutually commuting local functional T-C2i+i,i > 0, of all positive 
odd degrees. 



Proof. According to Proposition |3.1.1CI| , the 1st cohomology of the complex F*{sl2) is 
isomorphic to a*. As a Z— graded space it is a direct sum of one-dimensional subspaces, 
generated by some elements hj of all positive odd degrees. In the same way as in Propo- 



sition |2.4.9| one checks that the higher differentials of the complex F*{si2) commute with 



the action of the derivative d. Therefore we can form the double complex 

C F*{5l2) ^ F*{sl2) C 

(cf. Fig. 2). The 1st cohomology of this double complex is isomorphic to the space /o(s[2). 

We can calculate the cohomologies of this double complex F*{si2) by means of the 
spectral sequence, in which the 0th differential is horizontal. The first term of this spectral 
sequence consists of two copies of the cohomologies of the complex F* (512)5 ^ind the first 
differential coincides with the action of the derivative on them. 

The 0th cohomology of the complex F*(sl2) is generated by the vector 1 G ttq. Clearly, 
the corresponding two cohomology classes in the 1st term of the spectral sequence are 
canceled by the two spaces C in the double complex (cf. Fig. 2). 

On the other hand, the derivative d acts by on /i2j+i G -f^^(sb), because d has degree 
1 and so it should send cohomology classes of odd degrees to cohomology classes of even 
degrees, which we do not have. 

Since we only have two rows in our double complex, the spectral sequence collapses 
in the first term. Therefore, the 1st cohomology of the double complex is equal to the 
1st cohomology of the complex F*{sl2), which is equal to ©j>oC^2i+i, by Proposi- 
tion |3TT0| . 



Each h2j+i gives rise to a local integral of motion 7^2^+1 G J-'o as follows. It is clear that 
(9/i2j+i is also a cocycle in F^{sl2), of even degree. Therefore it must be a coboundary: 
dh2j+i = 6^H2j+i, for some element -^2^+1 from F^{sl2) = hq- This element is not a 
total derivative, because otherwise /i2j+i would also be a coboundary. Hence 7^2^+1 = 
/ H2j+i(t)dt is non-zero and it lies in the kernel of Qi + Qq, because (Qi + Qo)H2j+i = 
6^H2j+i is a total derivative. 

Recall that /o(st2) is closed with respect to the Poisson bracket. So, it is a Poisson 
subalgebra in jFg. One can easily check that the Lie bracket in JFq is compatible with the 
Z-grading, introduced in § p.4.3| . Therefore the degree of {if2i+i, -f^2j+i} should be even, 
and we obtain {if2i+i, -f^2j+i} = 0. 

3.1.12. Examples of integrals of motion. In this subsection we will analyze our complex 
F*{sl2) in low degrees and give explicit formulas for local integrals of motion of degrees 1 
and 3. 

Let us consider the homogeneous components of our complex F*(sl2) of degrees up to 
4. Since degVn > 4 for |n| > 2 (cf. § p.l.7|) , only F'^^sk) = no,F^{sl2) = vti © 7r_i and 



F^(5l2) = vr2 © 7r_2 contain subspaces of degrees less than or equal to 4, cf. Fig. 4. 

On Fig. 4 dots represent basis vectors in F^ {sl2) , F^ {5I2) , and F^(s[2), and the dots, 
corresponding to vectors of the same degree, are situated at the same horizontal level. 

We can see that the vector 1 G ttq is the only element of degree 0, therefore it is 
necessarily in the kernel of the differential 6^ : F^{sl2) — > F^{si2). It is, as we know, the 
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only cohomology class in the 0th cohomology of our complex. 

The second group of the complex F'^{si2) has degrees greater than or equal to 4. There- 
fore, all vectors of tti © 7r_i of degrees 1,2 and 3 necessarily lie in the kernel of the dif- 
ferential (5^ : F^(sl2) F'^{3i2)- But some of them lie in the image of the differential 
S\ 

The component of degree 1 of the space ttq is one-dimensional, and of tti © 7r„i is 
two-dimensional, therefore, the 1st cohomology in degree 1 is one-dimensional. As a 
representative of this cohomology class we can take, for instance, vector 2f_i. In degree 
2 both spaces have two-dimensional components, so there are no cohomologies of degree 
2. In degree 3, the component of the space ttq is three-dimensional, and the component 
of the space tti © 7r_i is four-dimensional, so again we have a cohomology class. As a 
representative we can choose vector x'^iV-i. 

In degree 4 the vectors V2 and V-2 from F'^{sl2) are both in the kernel of the differential 
6^ : F^(sl2) F^{si2)- But some linear combination of them is in the image of the 
differential 6"^. Indeed, we know that the differential 6^ has no kernel in degree 4. Therefore 
its image in the subspace of F^(s[2) of degree 4 is 5-dimensional. But the 1st cohomology 
of degree 4 is trivial. Hence the kernel of the differential S'^ is also 5-dimensional. But the 
space F^{sl2) has dimension 6 in degree 4. Therefore the image of is one-dimensional. 
Thus the second cohomology is one- dimensional in degree 4. It can be represented by the 
vector f_2. 

In view of Proposition p.l.lO] , the cohomology classes that we constructed in F^{sl2), 
correspond to the generators of degrees 1 and 3 of the space a*, and the class that we 
constructed in corresponds to their exterior product. The encircled dots represent 
these classes on the picture. 

Now let us assign to the 1st cohomology classes of degrees 1 and 3 local integrals of 
motion Tii and 7^3 (cf. Theorem |3.1.11| ). 

The cohomology class hi of degree 1 was represented by the vector 2vi. According to 
the general procedure, described in Theorem |3.1.11| , we have to take dvi = — 2x_if i and 
find a vector Hi from ttq, such that 6^Hi = —2x^iVi. One checks that — x^2 ^ ttq 
is such a vector. Therefore, we can take as the integral of motion 

(3.1.2) ni = J{^u{ty-dtu{t))dt. 

According to § p. 1.7] , we can define an action of Hi on ©ngz^Tn, and this action will 
coincide with the action of d. 

The cohomology class of degree 3 was represented by vector x'^iV^i. We have: 
dh^ = (— + 2x_ia;_2)'y-i, and one can check that ■ ^ —X-2)'^ = dh^. Therefore, 

(3.1.3) n3 = y{^uitf-dMt)Ydt 

is an integral of motion. 
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3.1.13. Connection with the KdV and mKdV systems. According to Theorem |3.1.11| , the 
integrals of motion 7Y2j+i G ^o^j > 0, mutually commute with respect to the Poisson 
bracket. In particular, we have 

{7il,7i2j+l} = 0, {^35^2i+l} = 0, 

where Tii and Ti^ are given by formulas (3.1.2) and (3.1.3), respectively. Since Tii = d, the 
first equation is satisfied automatically for any element of JFq (cf. § |2.1.7D . However, the 
second equation is non-trivial, and it shows that the higher integrals of motion 7^2^+1, j > 
1, coincide with the higher hamiltonians of the mKdV hierarchy. In fact, this equation 
can be taken as a definition of these integrals of motion. 

This is because Tis is the hamiltonian of the modified Korteweg-de Vries (mKdV) 
equation. In other words, the mKdV equation 

(3.1.4) d^Uit) = d^Uit) - ^UitYdtU{t) 

can be written in the hamiltonian form as 

drU{t)={U{t),n3}. 

The elements of JFq, which commute with 7^3 are called the higher mKdV hamiltonians. 
It is known that they exist precisely for all odd degrees, therefore they coincide with our 
H2j+i. Thus, we see that the local integrals of motion of the sine-Gordon model coincide 
with the hamiltonians of the mKdV hierarchy, and that the property of commutativity 
with 7-^3 defines these local integrals of motion uniquely. The mKdV hamiltonians define 
hamiltonian flows on Lf), which commute with the flow, defined by 7-^3. Altogether they 
define the mKdV hierarchy of partial differential equations. 

The mKdV hierarchy is closely connected with the KdV hierarchy. Namely, as was 
explained in § 2.1.18| , the kernel of the operator Qi is isomorphic to the classical Virasoro 



algebra, which is the Poisson algebra of local functionals, depending on W{t) = ^u^(t) 
dtu{t). Since /o(sl2) was defined as the intersection of the kernels of the operators Qi and 
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Qo, it is a subspace in the classical Virasoro algebra. For example, we can rewrite TCi and 
7-^3 via W{t) by the formulas 

ni = I W{t)dt, ^3 = ^/ W\t)dt. 
The functional 7^3 is the KdV hamiltonian, therefore the commutativity condition 

{7^3, 7^2^+1} = 

implies that the 7i2j+i's, rewritten in terms of W{t), coincide with the higher KdV hamil- 
tonians. 

These hamiltonians define the KdV hierarchy of mutually commuting flows on a hyper- 
plane in the dual space to the Virasoro algebra, cf., e.g., ||111|| . The Miura transformation 
(cf. § 2.1.18 ) maps the hierarchy of these flows to the mKdV hierarchy. In particular, the 
Miura transformation maps the mKdV equation (3.1.4) to the KdV equation 

drW{t) = dfW{t) + 3W{t)dtW{t). 

3.2. General case. Let g be an arbitrary affine algebra, twisted or untwisted. We will 
denote by q the finite-dimensional simple Lie algebra, whose Dynkin diagram is obtained 
by deleting the 0th node of the Dynkin diagram of g. 

3.2.1. Hamiltonian structure. As the hamiltonian space, the spaces of functionals and the 
Poisson brackets of the affine Toda field theory, associated to g, we will take the objects, 
corresponding to the Toda field theory, associated to g. They were defined in § |2.2.1| and 
§ 2.2.2| . Throughout this section we will use notation, introduced in § 272. 



3.2.2. The hamiltonian and integrals of motion. The imaginary root 6 of the Lie algebra 
g has the decomposition 

I 

1=0 

where a^, z = 0, . . . , /, are the simple roots of g, and the the labels of the Dynkin 



diagram of g |81|. In particular, oq = 1 for all affine algebras, except A2n, in which 
case ao = 2. Somewhat abusing notation, we will introduce a vector ao in the Cartan 
subalgebra [) of g by the formula 

1 ' 

ao = "^aiai. 

We can now define the hamiltonian of the affine Toda field theory, associated to g, by 
the formula 



^ i=0 



where = 6ti{t) (cf. § |2.2.2| ). The corresponding hamiltonian equation coincides with 
the Toda equation (1.1.1), associated to g. 

We define the space /o(0) of local integrals of motion as the kernel of the operator 
{■,H} : —>■ ©'=o-^ai' i^ other words, as the intersection of the kernels of the 
operators Qi = {-, / e'^^'^^^dt} : J^a^i = 0, . . . , Z. 
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As before, we will use the operators Qi : hq ^ i^ai^i = 0, . . . , /, given by formula (2.2.4), 
where we put 



These operators commute with the action of the derivative and descend down to the 
operators Qi, i = 0, . . . ,1. We will also need the operators Qi = T~^Qi, acting on ttq. 
According to Proposition |2.2.(j| and Remark |2.2.9|, the operators Qi, i = 0, . . . , /, as well 



as Qi, i = 0, . . . ,1, satisfy the Serre relations of the affine algebra g. Thus, the operators 
Qi generate an action of the nilpotent subalgebra n+ of q on the space ttq. 

In the rest of this subsection we will go through the main steps of § Q and § O to 
describe the space /o(fl). Most of the proofs are the same as in those sections. 

3.2.3. The complex F*{q). For an affine algebra g there also exists a BGG resolution, 
which is defined in the same way and has the same properties as in the case of finite- 



dimensional simple Lie algebras [|107|| . 

Using this resolution, we can define the complex 

in the same way as in § |2.4| , by putting 

where s runs over the affine Weyl group. The differential 6^ : F^~^{q) —>■ F^{q) is given by 
formula (2.4.1). In the same way as in the case of finite-dimensional simple Lie algebras 
(cf. Lemma |2.4.2|) , it follows that this differential is nilpotent. 

Introduce a Z— grading on this complex similar to the one introduced in § |2.4.3| . Namely, 
we put degfp_s(p) = (p^, p — ■s(p)), where p^ is an element in the dual space to the Cartan 
subalgebra of g, such that (p^,aj) = l,i = 0, . . . ,1, and degx^ = —n. With respect to 
this grading, the differentials of our complex have degree 0, and our complex decomposes 
into a direct sum of finite-dimensional subcomplexes. 

One has the analogue of Proposition p.4.5| : the cohomologies of the complex F*{q) are 
isomorphic to the cohomologies of n+ with coefficients in ttq. 

3.2.4. Principal commutative subalgebra. Consider the element p = I]'=o^«^« Lie 
algebra n+. It is known that n+ = Ker(adp) © Im(adp), where Ker(adp) is an abelian 
Lie subalgebra a of n+, which we will call the principal commutative subalgebra. 

In the principal gradation of n_|_, which is obtained by assigning degree 1 to the gener- 
ators Ci, the Lie algebra a has a basis of homogeneous elements of degrees equal to the 
exponents di,i = 1, . . . , /, of modulo the Coxeter number h. 

The space Ker(adp) splits into the direct sum Ker(adp) = ©j>on+ of homogeneous 
components of degree j with respect to the principal grading. Each of these components 
has dimension / and the operator adp : n-^ — » n-^^^ is an isomorphism. 

For the proof of these facts, cf. |]SD[, Proposition 3.8 (b). We will use them in the proof 



of the following statement, which is a generalization of Proposition p. 1.10 



36 



BORIS FEIGIN AND EDWARD FRENKEL 



3.2.5. Proposition. The cohomologies of the complex F*{q) are isomorphic to the exterior 
algebra /\*{a*) of the dual space to the pricipal commutative subalgebra a. 

Proof. From the formulas, defining the operators Qi, one can see that the operator 
p = Yl\=oCbiQi does not have a shift term (cf. the proof of Proposition 3.1.10 ). Therefore, 



other elements of the Lie subalgebra a of n+ also do not have shift terms. 

Denote by Vj the vector space of operators d/dx'^_j,i = 1,... > 0. One can 
check that the operator adp isomorphically maps Vj to V^+i. The space of shift terms 
of the operators from n\_ C n+ coincides with Vi. By induction, in as in the proof of 
Proposition p.l.lO| , one can show that the space of shift terms of operators from n+ C n+ 



coincides with Vj. 

In the same way as in the proof of Proposition |3.1.1CI| , we deduce from these facts that the 
n+— module ttq is isomorphic to the module, coinduced from the trivial representation of 
a. Therefore the cohomology if*(n+, ttq), are equal, by "Shapiro's lemma", to H*{a, C) ~ 
A* (a*), because a is an abelian Lie algebra. But if*(n+, ttq) coincides with the cohomology 
of the complex F*{q). The Proposition is proved. 

3.2.6. Theorem. The space Io{q) of local integrals of motion of the Toda field theory, asso- 
ciated to an affine algebra g, is linearly generated by mutually commuting local functional 
of degrees equal to the exponents of g modulo the Coxeter number. 

Proof. If the exponents of g are odd and the Coxeter number is even, then the proof 
simply repeats the proof of Theorem p.l.ll] . We can again identify the space /o(fl) with 



the 1st cohomology of the double complex C — > F*{g) — > F*{g) — > C. According to 



Proposition p.2.5| , the 1st cohomology of the complex F*{g) is linearly spanned by elements 
of certain odd degrees. We can then compute this cohomology using the spectral sequence 
in the same way as in the proof of Theorem p. 1.11 . 



The proof in other cases {A^^\n > 1, D^^, E^''' and E^'^) will be published in 



3.2.7. Integrals of motion in the extended space of local functionals. We can define the 
space of integrals of motion of an affine Toda field theory as the intersection of the kernels 
of operators Qi : Tq ^ Tao-, cf. § p^.4.12|. We can use the tensor product of the complex 



with C[t, t ^] to compute this space. By repeating the proof of Theorem |3.2.6| , we 



conclude that the space of integrals of motion in the larger space JFq of local functionals 
coincides with the space /o(0) of integrals of motion in the small space Tq. 

3.2.8. Remark. One usually defines a conservation law of the Toda field theory (in the 
light cone coordinates a;+ and x_) as a pair P^) G ttq © (©iTTq,.), such that 

dP- _ dP+ 

dx+ dx- 

In our language, d/dx^ = Y^i Qi = is the Poisson bracket with the Toda hamiltonian, 
and d/dx^ = d. Thus, the pair {P~, P~^), where P~^ is a 1-cocycle of the complex F*{g) 
and P~ is the density of our integral of motion, i.e. the 0-cocycle of the quotient complex 
F*{g)/dF*{g) such that 6^P~ = dP~^, is a conservation law. The important observation, 
which enabled us to find all such conservation laws was that in order to be a component 
of a conservation law, P"*" should satisfy a certain equation, namely, 5^ ■ P"*" = 0. 

The space /o(s) constitutes a maximal abelian Poisson subalgebra in the classical 
W— algebra Io{g). One can show that the first generators of /o(b) of degrees di,i = 
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1, . . . ,/, are equal to J W^'^\t)dt, where the W^^^^s can be chosen as the generators of 
Jo(0), defined in § ^XTj 

Using this fact, one can identify the local integrals of motion of the classical affine Toda 
field theory, associated with g, with the hamiltonians of the corresponding generalized 
KdV and mKdV hierarchies. 



3.2.9. Remark. In the course of proving Proposition p.2.5| , we showed that the n+— module 
ttq is isomorphic to the module, coinduced from the trivial representation of a. It means 
that ttq ~ CfS^M*] is isomorphic to the space of functions on the homogeneous space 
N+/A, where iV+ and A are Lie groups of the Lie algebras u+ and a, respectively. In 
other words, the space N^/A can be identified with an infinite-dimensional vector space 
with coordinates The local integrals of motion of the corresponding Toda field 

theory therefore define certain vector fields r^^'s on N^/A (cf. formula (2.1.7)), which 
commute among themselves. The first of them, rji, is the vector field d. 



In our paper we identify the vector field T]j with the infinitesimal right action of 
a generator of degree —j of the opposite abelian subalgebra a_ of q. Indeed, since q 
infinitesimally acts on from the right as on the big cell of the fiag manifold, and a_ 
commutes with a, the Lie algebra o_ acts on the coset space N^/A by mutually commuting 
vector fields. In particular, the action of the vector field d corresponds to the action of 
the element 

— ^ — Ji e a_, 

1=0 ^ 



in accordance with Lemma 2.4.8 



In the next section we will show how to quantize the classical integrals of motion. 

4. Quantum Toda field theories. 

4.1. Vertex operator algebras. The theory of vertex operator algebras was started by 
Borcherds and then further developed by I.Frenkel, Lepowsky and Meurman in 



(cf. also 0, ^, IP 

In this section we will give the definition of vertex operator algebras and study some 



of their properties following closely § 3 of |58|. Ater that we will introduce the vertex 



operator algebra (VOA) of the Heisenberg algebra (or the VOA of free fields), which we 
will need in the study of quantum integrals of motion of Toda field theories. 

4.1.1. Fields. Let V = ©J^q^ ^e a Z_|_-graded vector space, where dimV^ < cxd for all n, 
called the space of states. A field on V of conformal dimension A G Z is a power series 
0(-2) = Z^jGZ 0i-2~"'~^5 where (pj G EndV and (f)jVn C Vn-j. Note that if 0(2;) is a field 
of conformal dimension A, then the power series 
field of conformal dimension A + 1. 

If z G is a non-zero complex number, then (f){z) can be considered as a linear 
operator V V, where V = H^o 

We have a natural pairing {,) : V* x Vn ^ C A linear operator P : V ^ V can be 
represented by a set of finite-dimensional linear operators P-:Vi^ Vj, i,j G Z, such that 
{A, P ■ B) = (A, P/ ■ B) for B eVi.Ae V* . Let P, Q be two linear operators V ^V. 
We say that the composition PQ exists, if for any i, G Z, P G V^, A G V^* the series 
PjQl ■ B) converges absolutely. 
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4.1.2. Definition. Two fields (f){z) and ip^z) are called local with respect to each other, if 

• for any z,w E C^, such that \z\ > \w\, the composition (f){z)ip{w) exists and can be 
analytically continued to a rational operator-valued function on {C^y\diagonal, 

R{(l){z)ip{w)); 

• for any z,w & , such that \w\ > \z\, the composition il){w)^{z) exists and can he 
analytically continued to a rational operator-valued function on {<C^Y\diagonal, 
i?(^H0(z)); 

• R{(i){z)i){w)) = R{ij{w)(p{z)). 

In other words, fields (j){z) and ip{z) are local with respect to each other, if for any x E Vn 
and y e both matrix coefficients {y\(f){z)ip{w)\x) for \z\ > \w\ and {y\ip{w)(f){z)\x) for 
1^1 < \w\ converge to the same rational function in z and w which has no poles outside 
the lines z — 0, w — and z — w. 

4.1.3. Definition. A VOA structure on V is a linear map Y{-, z) : V — > End V [[z, z~^]] 
which associates to each A EVn a field of conformal dimension n ( also called a vertex operator) 
F(/l, 2;) = y such that the following axioms hold: 

(Al) (vacuum axiom) There exists an element |0) e Vq (vacuum vector^ such that 
Y(\Q),z) = Id and lim^^o^(A ^)|0) = A. 

(A2) (translation invariance) There exists an operator T e End V such that 

d,Y{A, z) = [T, y (A, z)] and TjO) = 0. 

(A3) (locality) All fields Y{A^z) are local with respect to each other. 

A VOA V is called conformal of central charge c E C if there exists an element uj G 
V2 (called the Virasoro element/, such that the corresponding vertex operator F(a;,2;) ~ 
J2nez LnZ^"'"^ satisfies the following properties: 

(C) L_i = T, Lo|y„ = n • Id, and L20U = |c|0). 

4.1.4. Proposition. A VOA V automatically satisfies the associativity property: for any 
A,BeV, 

(4.1.1) R(Y(A, z)Y{B, w)) = R(Y(Y(A, z - w)B, w)), 

where the left-hand (resp. right-hand) side is the analytic continuation from the domain 
\z\ > \w\ (resp. \w\ > \z — w\). 

Proof which was communicated to us by V. Kac follows from the following two Lemmas. 

4.1.5. Lemma. For any z E and w E C, such that \w\ < \z\, the composition 
e'^^Y{A,z)e-'^'", where 



e 



n=0 

exists and can be analytically continued to a rational operator-valued function, which is 
equal to Y{A, z + w), i.e. 

i?(e"'^F(A, z)e-^'^) = Y{A, z + w). 
Proof. By axiom (A2), [T, Y(A, z)] — dzY{A, z). Hence as a formal powers series, 

00 n 

e^^Y{A,z)e-^'" = ^ —d:Y{A,z). 



n=0 
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The right hand side is the Taylor expansion of Y{A, z + w). Since Y{A, z) is holomorphic 
everywhere except the origin, e'^'^Y{A, z)e~'^^ converges to Y{A, z + w) if \w\ < \z\. 

4.1.6. Lemma. For any z e C , Y{A, z)B = e'^Y{B, -z)A. 
Proof. By Lemma 4.1.5| , 

R{e^'+''^^Y{B,-z)A) = R{Y{B,w)e^'+''^^A). 

We can derive from axioms (Al) and (A2) that e^'^'^'^^'^A = Y(A,z + w)\0). This and 
the previous formula give: 

R{e'^'+'"'>^Y{B,-z)A) = R{Y{B,w)Y{A, z + w)\0)). 

By locality, 

R{e^'^'"^^Y{B,-z)A) = R{Y {A, z + w)Y {B , w)\0)) . 

Both sides of the last formula have well-defined limits when w —>■ 0, hence these limits 
coincide and we obtain using axiom (Al): e^^Y{B, —z)A = Y{A, z)B. 

4.1.7. Proof of Proposition [4.1.4| . For any vector C G we have: 

Y{A, z)Y{B, w)C = Y{A, z)e'"^Y{C, -w)B 

for \z\ > \w\, where we applied Lemma [4.1.6| to Y{B,w)C. By applying 1 = e"^"'e~"^"' to 
both sides of this formula (we can do this, because e^^"' is a series infinite in only one 
direction) and using Lemma [4.1.5| in the right hand side of the previous formula we obtain 

(4.1.2) Y{A, z)Y{B, w)C = e^^r(A, z - w)Y{C, -w)B 

for \z\ > \w\. 

On the other hand, consider 

Y{Y{A, z - w)B, w)C =Y.i^- wy-^-^YiAn ■ B, w)C 

as a formal power series in {z — w). By Lemma [4.1.6| , 

Y{An ■ B, w)C = e'"^Y{C, -w)AnB. 

Hence 

(4.1.3) Y{Y{A, z - w)B, w)C = e'"^y(C, -w)Y{A, z - w)B, 

as formal power series in [z — w). But the right hand side of (4.1.3) converges when 
\w\ > 1^ — w;| and can be analytically continued to a rational function in z and w, by 
axiom (A3). Therefore the left hand side of (4.1.3) has the same properties. 

By applying axiom (A3) to the analytic continuations of the right hand sides of (4.1.2) 
and (4.1.3), we obtain the equality of the analytic continuations of the left hand sides: 

R{Y{A, z)Y{B, w))C = R{Y{Y{A, z - w)B, w))C 

for any C & V, and Proposition |4.1.4| follows. 
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4.1.8. Operator product expansion. We may rewrite formula (4.1.1) as 

F(A z)YiB, w) = Y.iz- ^i;)-"-'i^s^r (A, ■ B,w), 

using the formula Y[A,z) = J2nGZ^nZ~^~'^'^^^- Here and further on to simplify notation 
we omit R{-) in formulas for analytic continuation of functions. Such an identity is called 
an operator product expansion (OPE). There exists such M G Z that An ■ B = for 
any n > M. Therefore, the right hand side of this formula has only finitely many terms 
with negative powers of {z — w). Combining axioms (3), (4), and the Cauchy theorem we 
obtain the following identity [|62| : 



^ Y{A, z)Y{B, w)f{z, w) dzdw - I Y{B, w)Y{A, z)f{z, w) dzdw = 

II Y.iz- wY^-'"'^''Y{An ■ B, w)f{z, w) dzdw, 

where denotes a circle of radius x around the origin, R > p > r, C^{w) denotes 
a small circle of radius S around w, and f{z,w) is an arbitrary rational function on 
{C^)'^\diagonal. 

This formula can be used in order to compute commutation relations between Fourier 
components of vertex operators. Indeed, if we choose f{z,w) = 
then we obtain: 

r rlnn r ^m+degA-l 

(4.1.4) E (::,t|i-;)(A„.Bw. 

— acg A<n<in \ " / 

In particular, we see that only the terms in the OPE, which are singular at the diagonal 
z = w, contribute to the commutator. This formula also shows that the commutator of 
Fourier components of two fields is a linear combination of Fourier components of other 
fields (namely, the ones, corresponding to the vectors An ■ B). Therefore we obtain the 
following result. 

4.1.9. Theorem. The space of all Fourier components of vertex operators defined by a 
VOA is a Lie algebra. 
In particular we derive from formula (4.1.1) and axiom (C) that 

■,^/ x-,^/ X c/2 2Y(uj,w) dwY(uj,w) 
[z — wp [z — wY z — w 

which implies using (4.1.4) the following commutation relations between the Fourier co- 
efficients Ln, n G Z, of Y{u!, z): 

These are the defining relations of the Virasoro algebra with central charge c. 
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4.1.10. Remark. The axioms of VOA may look rather complicated, but in fact they are 
quite natural generalizations of the axioms of a Z— graded associative commutative algebra 
with a unit. Indeed, such an algebra is defined as a Z— graded vector space V along with 
a linear operator Y : V —>■ End(l^) of degree and an element 1 G such that 1^(1) = 
Id. The linear operator Y defines a product structure by the formula A ■ B = Y{A)B. 
The axioms of commutativity and associativity of this product then read as follows: 
Y{A)Y{B) = Y{B)Y{A), and Y(Y{A)B) = Y{A)Y{B). 

On a VOA V the operator Y{-,z) defines a family of "products" - linear operators 
V ^ V, depending (in the formal sense) on a complex parameter z. The axiom (A3) 
and formula (4.1.1) can be viewed as analogues of the axioms of commutativity and 
associativity (with a proper regularization of the compositions of operators), and the 
first half of the axiom (Al) is the analogue of the axiom of unit. A rather surprising 
aspect of the theory of VOA is that the "associativity" property (4.1.1) follows from the 
"commutativity" (locality) (A3) together with (Al) and (A2). 

Another novelty is vector u. The meaning of this vector is the following. The Fourier 
components of y (a;, z) define on V an action of the Virasoro algebra, which is the central 
extension of the Lie algebra of vector fields on a punctured disc. The existence of such an 
element inside V means that all infinitesimal changes of the coordinate z can be regarded 
as "interior automorphisms" of V. 

4.1.11. Ultralocal fields. Let us call two fields (j){z) and ip{z) ultralocal with respect to 
each other if there exists an integer N, such that for any v E Vn and v* G V^, both 
series {v*\(f){z)ip{w)\v){z — w)'^ and {v*\ilj{w)(j){z)\v){z — w)^ are equal to the same finite 
polynomial in z^^ and w^^. Clearly, ultralocality implies locality. Moreover, in a vertex 
operator algebra any two vertex operators are automatically ultralocal with respect to each 
other according to formula (4.1.1) and the fact that the Z-gradation on V is bounded 
from below. 

Given two fields (f){z) and ipi^) of conformal dimensions and A^ one defines their 
normally ordered product as the field 

(4.1.5) ■.(f){z)^{z):=J2l <Pm^n-m+ E V'n-^^m ) ^"""^^-^'^ 

of conformal dimension A^^+A^. The Leibniz rule holds for the normally ordered product: 

(4.1.6) : <P{z)^{z) :=: d,<P{z)^{z) : + : <P{z)dMz) : • 

The following proposition proved in [Q, Proposition 3.1, allows one to check easily the 
axioms of a VOA. 

4.1.12. Proposition. Let V be a Z^-graded vector space. Suppose that to some vectors 
a(o) = |0) G Vo,a^^^ e Va„ ■ ■ ■ , one associates fields Y{\0) , z) = ld,Y{a^^\z) =Y.j af z-^-^\ 
. . . , of conformal dimensions 0, Ai, . . . , such that the following properties hold: 

(1) all fields Y{a^^\z) are ultralocal with respect to each other; 

(2) lim,^o>^(a«,^)|0) = a«; 

(3) the space V has a linear basis of vectors 

(4.1.7) aL';)_^^^ . . . a^^l^^^ |0), j„ . . . , G Z+; 
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(4) there exists an endomorphism T ofV such that 



T, a 



(k) 



(j + l)a 



(fc) 
i-Afe-i; 



r(|o)) = o. 



(4.1.8) 

Then letting 

(4.1.9) F(aLtU.....a5.UjO),.) 

= (ji! ■ . . . ■ Jsiy'- : dl^Y{a^''^\ z) . . . d^^Y{a^^^\ z)di'Y{a^'''\ z) : 

(where the normal ordering of more than two fields is nested from right to left), gives a 
well-defined VOA structure on V. 

Proof. We define the map Y{-,z) by formula (4.1.9). It is clear that axiom (Al) holds. 
Given two fields (j){z) and ip{z), if [T,(f){z)] = dz(l>{z) and [T,ip{z)] = dzip^z), then from 
(4.1.5) and (4.1.6) it follows that 

(4.1.10) [T,:(P{z)ij{z):] = dz:(P{z)^{z):. 

Hence the axiom (A2) follows inductively from (4.1.9) and (4.1.10). 

Using an argument of Dong (cf. [0], Proposition 3.2.7), one can show that if three 
fields x{^)y 0(^) and ip{z) are ultralocal with respect to each other, then : (f){z)'ip{z): and 
x{z) are ultralocal. 

Indeed, by assumption, there exists such r G Z+ that 

(4.1.11) {w - zy(f){z)ilj{w) = {w- zyilj{w)(j){z), 



(4.1.12) 



{u - zy4>{z)x{u) = {u- zyx{u)4>{z), 
{u — wyip{w)x{u) = (m — wyx{u)ip{w) 



(4.1.13) 

for any s> r. 

Consider the formal power series in 2;, w and u: 

(4.1.14) {w-uy"' {z - w)~^(f){z)ilj{w) - {z - w)''^ip{w)(f){z) x{u), 

where {z — w)^^ is considered as a power series in w/z in the first summand and as a 
power series in z/w in the second summand. 
This series is equal to 



2r 

s 



{w - zy {z - uY'' {z-w) ^(j){z)'i/j{w) - {z - w) V('"^)0(-2) xiu). 



2r 

{w - uy E 

The terms with r < s < 2r in the last formula vanish by (4.1.11). Hence we can rewrite 
it as 



[w 



-uyYl 



=0 



2r 

s 



[w — z) [z — u 



,2r-s 



[z-w) ^(j){z)^lj{w) - {z - w) ^^lj{w)(f){z) xiu), 



and further as 

s=0 \ ^ 



{w - zy {z - uf'' *x(-u) {z-w) ^(t){z)il){w) - {z - w) ^il){w)(t){z) 



using (4.1.12) and (4.1.13). By the same trick as above, we see that (4.1.14) is equal to 
(4.1.15) {w - uf''x{u)\{z - w)~^(t){z)%l){w) - {z - w)~^il){w)(t){z) . 
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Now it follows from the definition of normal ordering (4.1.5) that the series : (j){w)ilj{w) : 
is the coefficient of in the series 

{z — w)~'^(l){z)ip{w) — (z — w)~^ip{w)(l){z), 

where again {z — w)~^ is considered as a power series in w/z in the first summand and as 
a power series in z/w in the second summand. 

Hence if we take the coefficients in front of z~^ in formulas (4.1.14) and (4.1.15), we 
obtain the following equality of formal power series in w^^ and u^^: 

(w — uf^ : (f){w)^{w) : x(w) = (w — m)'^^'x(m) : (f){w)^{w) : . 

But since the gradation on V is bounded from below, the matrix coefficients of the 
left hand side are finite in and w, whereas the matrix coefficients of the right hand 
side are finite in and in u. Therefore both are polynomials in w^^ and u^^, and so 
: 0(z)-?/'(z) : and xi^) ^-^e ultralocal. 

It is also clear that if (j){z) and ip{z) are ultralocal, then dz4>{z) and ip{z) are ultralocal. 
This implies axiom (A3) and completes the proof. 

4.2. The VOA of the Heisenberg algebra. 

4.2.1. Let f) be the Cartan subalgebra of a simple finite-dimensional Lie algebra q. In 



§ |2.1.6| we defined the Heisenberg algebra (). It has generators 6^, i = 1, . . . , /, n G Z, and 
relations 

[K, bin] = aj)Sn-m- 

In the case g = s[2 we will have generators bn,n G Z, and relations 

For A G [)*, let vr^ be the Fock representation of f), which is freely generated by the 
operators 6^, i = 1, . . . , Z, n G Z, from a vector vx, such that 

6>A = 0, > 0, ^o'^A = (A, ai)vx. 

The fact that we used the same notation vr^ for these representations as for the spaces of 
differential polynomials in § |] will be justified later on. 
We want to introduce a structure of VOA on ttq. 

First we introduce a Z— grading on ttq by putting degfo = 0,degb{n) = — n, so that 
deg b{ni) . . . b{nm)vo = - T,1Li ^i- 

Next we introduce a linear map F(-, z) from ttq to End7ro[[2r, z~^]\. 

Defining the operator Y{-^z) amounts to assigning to each homogeneous vector A G ttq 
a formal power series 

F(A,z) = ^A„;2-"-^'=s^. 

neZ 

In this formula, the Fourier component stands for some linear operator of degree — n, 
acting on ttq. 

Let us define these operators by explicit formulas. The degree subspace of the module 
ttq is spanned by one vector: vq. The corresponding operator F(fo, z) is equal to the 
identity operator (times 1, and all other Fourier components are equal to 0). 

In degree one we have I linearly independent vectors: &*_ifo, z = 1, . . . , Z. We assign to 
them the fields 

Y{bUv,.z)=b\z) = Y.U^z—\ 

n<^Z 
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In degree 2 the module ttq has two types of vectors: &*_2'^0; to which we assign 

Y{lf_,vo,z)=d,b\z), 
where dz = d/dz; and 6!_i&Lifo, to which we assign 

Y{I/_^bi^Vo,z) =: b\z)¥{z) := E ( E • b' {m)b> {n - m) : j ^""-2. 

Here the columns denote the normal ordering. If we have a monomial in 6^'s, its normal 
ordering is the ordering, in which all "creation" operators 6^,n < 0, are to the left of all 
"annihilation" operators 6^,n > 0. 
The general formula for a monomial basis element b^^^ . . . V^^Vq of ttq is the following: 

(4.2.1) Y{U^^...Uz^v,,z) = 

1 1 

By linearity, we can extend the map Y{-,z) to any vector of ttq. 
Finally, we put |0) = vq and 

(4.2.2) T = i^5::6^6!.Vi:, 

where V* are the dual generators of the Heisenberg algebra, i.e. the following commutation 
relations hold: 

We also have: 

4.2.2. Theorem. The map Y{-.,z) defined by formula (4.2.1) together with the vector |0) 
and the operator T define the structure of VOA on ttq. 

Proof. Consider the space ttq and put a*^°^ = Vq, a^^^ = b{—l)vo. Define also T by formula 



(4.5.2). Then all conditions of Proposition [4.1.12| will be satisfied. In particular, the fact 



that Y{a^^\z) = b{z) is ultralocal with itself follows from the computation in § ^4.2.3| . 



Therefore, by Proposition |4.1.12| , the map Y{-,z) defined in § [4.2| satisfies the axioms of 
vertex operator algebra. 

The VOA ttq can be given a structure of conformal VOA with an arbitrary central 
charge. Define for any 7 G f) the elements by the formula 



These elements satisfy the axiom (C) with c = 1 — 12||7| 
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4.2.3. Commutation relations. Now we are going to compute the commutation relations 
in the Heisenberg algebra t) using formula (4.1.4). First let us compute U{z)h{w) for 
\z\ > \w\. We have to rewrite this composition as a linear combination of well-defined, 
i.e. normally ordered, linear operators on ttq. We have 

n,m(^1, n<0,m£Z 

-»n— 1 



-n-l^-m-l_ 



+ b'{m)b^{n)z-''-^w'"'-^ + ^ [b\n),V {m)]z-''-^w- 

n>0,meZ n>0,meZ 

1 s (ai,aj] 



: b'{z)b^{w) :+Yn{a„a,)- (^-j =: b\z)b^iw) : + 



{z — w) 



2 ■ 



n>0 

We can further rewrite this as 

(4.2.3) b\zW{w) = + Y^{z-wr: dlU{w)V{w) :, 

[z - wY n\ 

by Taylor's formula. 

On the other hand, we have: U(n) ■ V{—1)vq = 0, for n > 1 or n = 0, &*(1) ■ &■'(— l)fo 
{ai,aj)vo, and b'^{n) ■ b^{—l)vQ = 6*(n)6^(— l)fo, n < 0. Hence we obtain 

{'i.2A)Y{Y{b'{-l)vo, z - w) ■ ¥ {~l)vo,w) = ^ (z - w)-"~^F(6*(n) ■ 6^(-l)t;o, w) 



{z - wy n\ 

which coincides with formula (4.2.3), in accordance with formula (4.1.1). Note that the 
second computation is simpler. 

Now we obtain using formula (4.1.4): 

[b\n) , V (m)] = I dww™' f dzz"'-j^-^ — ^ = n{ai,aj) f dww'^~^'^~^ = n{ai,aj)Sn-m, 

in accordance with the commutation relations of (). 

4.2.4. Bosonic vertex operators. Other Fock representations tt^ carry the structure of a 
module over the VOA ttq (for general definition, cf. |6^). The Fourier components of the 
vertex operators Y{A,z), given by formula (4.2.1), define linear operators on any of the 
modules tta, and so we obtain maps ttq End(7rA)[[-2, z^^]], which satisfy axioms similar 
to the axioms of VOA. 

There is also another structure: a map ttx — > Hom(7ro, vr^) [[-2, in other words, to 

each vector of tta we can assign a field, whose Fourier components are linear operators, 
acting from ttq to tt^. 

Let us define this map by explicit formulas. To the highest weight vector v\ E vr^ we 
associate the following field, which is called the bosonic vertex operator: 

(4.2.5) Uz) = E V,{n)z-- = T, exp f- ^ ^] exp f- ^ ^] , 

where : ttq ^ vr^ is the shift operator, which maps fo to V\ and commutes with the 
operators < 0, and A„ = A ® t" is the element of the Heisenberg algebra f) = 

h ® C[t, corresponding to the element A e /i (f) is identified with {)* by means of the 
scalar product). 
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The field V\{z) can be viewed as the normally ordered exponential of 
\{z) = J X{w)dw = — hAologz. 

We can then define the fields for other elements of 7T\ as follows: 

Y{Pv>^,z) =:Y{Pvo,z)Vx{z) :, 

where P is a polynomial in 6^, n < 0. 

These fields satisfy the axioms (Al) and (A2). The axiom (A3) and formula (4.1.1) 
are also satisfied for any pair A ^ ttq, B & nx, or B E ttq, A E ttx. 

Using formula (4.1.1), it is easy to compute the commutation relations between 6^ and 
Vx{m). Indeed, from the fact that b^vx = {X,ai)vx we derive the following OPE: 

hit u7 f \ {X,ai)Vx{,w) 

[zjVxiw) = h regular terms, 

z — w 

which gives (using the technique of § [4.2.3| ) the commutation relations 
(4.2.6) [bl^, Vx{m)] = (A, a,)Vx{n + m). 

In the next subsection we will show that the operators ^ VpaX^)dz, where /? is a de- 
formation parameter, can be viewed as quantizations of the classical operators Qi from 
§ 0, corresponding to the value /3 = 0. We will use these operators to define the space of 
quantum integrals of motion of the Toda field theories and related structures. 

4.3. Quantum integrals of motion. 

4.3.1. Quantization of the Poisson algebra. Let us introduce a deformation parameter (3 
and modify the commutation relations in our Heisenberg algebra by putting 

(4.3.1) [6^, VJ = n(ai, aj)6n,-mf3^. 

If g = SI2, we put 

\bnj bm\ ^^n,—mP ■ 

We also modify the definition of the Fock module tcx by putting b^vx = Pica, X)vx- Of 
course, if /? 7^ 0, this algebra and these modules are equivalent to the original Heisenberg 
algebra and Fock modules if we multiply the old generators by (3. 

According to Theorem [4.1.9| , the vector space of all Fourier components of fields from 



a VOA is a Lie algebra. It contains a Lie subalgebra, which consists of residues of fields, 
i.e. their (— l)st Fourier components. Indeed, according to formula (4.1.4), 

(4.3.2) [ J Y{A, z)dz, J Y{B, z)dz] = Jy{J Y{A w)dw ■ B, z)dz. 

Let us denote the Lie algebra of all Fourier components of fields from the VOA ttq, 
by JFq , and its Lie subalgebra of the residues of the fields - by JFq . They depend on 
/3, because (5 enters the defining commutation relations (4.3.1). Since the commutation 
relations in these Lie algebras are polynomial in we can consider JF^ and as Lie 
algebras over the ring C[/5^], which are free as C[/5^]-modules. 

The constant term in the commutation relations in JF^ is always equal to 0. We can 
therefore define the structure of Lie algebra on the space 

■ ^0), by taking the 

/?^— linear term in the commutator. That is for any pair A,B e r^l{l3'^-r^) consider their 
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arbitrary liftings A,B E J-'o and define {A, B} as the /5^-linear term in the commutator 
of A and B : 

[A,B]=P^A,B} + P\...). 

Clearly this bracket does not depend on the liftings of A and B and satisfies the axioms 
of Lie bracket. 

As vector spaces JFq / ■ JFq ) and JFq / ■ J-'q) are isomorphic to JFq and JFq, respec- 
tively: / : P{d^b'{z)) : z'^dz is identified with J P{d^u'{t))t''dt. 

4.3.2. Lemma. The Poisson structure on J-'q /{(3'^-J-'q) , induced by the Lie algebra structure 
on J-'q , coincides with the Poisson structure on JFq, given by formula (2.2.1). 

Proof. Recall that the Poisson structure on JFq is uniquely determined by the Poisson 
bracket of the functionals u\ = f u'^{t)t"'dt, which is equal to 

{<, = n{ai, aj)Sn-m- 
Indeed, any local functional can be represented by an infinite sum 

c„j...„^ ■ Uj^_^ . . . Uj^, 

niH ynm.=M 

and we can compute the Poisson bracket of two such sums term by term, using the Leibnitz 
rule (cf. § pXl . 



Likewise, the commutation relations in the Lie algebra JF^ are uniquely determined by 
formula (4.3.1), and we can again compute the Lie bracket of two Fourier components 
term by term. But then we immediately see that the linear term in the Lie bracket 
in J-'q coincides with the Poisson bracket in jFg. 

4.3.3. Thus, the Lie algebras J-'q and JF^ can be viewed as quantizations of the Poisson 
algebras JFq and JFq, respectively. 

Let be the space of linear operators ttq — *■ ttx of the form J Y{A, z)dz, A e tta- 
Formula (4.3.2) shows that the Lie algebra J^q acts on JF^ by commutation. In the same 
way as in Lemma |4.3.2| we can check that this action is a quantization of the action of 



JFg on J-'x, defined in § ^.2.2| . In other words, we can check that the /5 — linear term in 
the commutator between operators from J-'q and coincides with the Poisson bracket 
between the corresponding elements of J-'o and J-'x- 

Moreover, the actions of J-'x from ttq to vr^ and of J^q from ttx to ttx are quantizations of 



the actions of J-'x from ttq to tcx and of J-'o from ttq to ttq, defined in § |2.1.11| . More precisely, 
let us consider the Fock representation ttx as a free module vr^ over C[[/9^]]. The operator 
J Y{A, z)dz can be considered over the ring C[[/3^]]. It has the form J Y{A, z)dz = (3"^ ■ 
y(A)*^°)-|-/?^-(. . . ). Hence it induces the operator Y{A)^^^ on the quotients Hx/P'^-nx- Such 
a quotient can be identified with the space tta of differential polynomials by identifying 
6^,n < 0, with x^. Note that the actions of derivative on both spaces coincide. We have 

Y{AY^Uz = { J Adt,-}, 
where A = Amodf3'^. A particular example of this formula, when A = Wq-, will be 



considered in Lemma 14.3.4 . 
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Consider the map vta J^f, which sends A E nx to JY{A,z)dz. From the classical 
result of § |2.2.2| we derive that the kernel of this map consists of total derivatives, and 



therefore we have the exact sequences 

(4.3.3) tta ^ VTA ^ J^f 

(if A = 0, then ttq should be replaced by tiq/Cvq). 
Analogously, one obtains the exact sequence 

(4.3.4) — ^ tta ® C[z, z-^] ^ tta ® C[z, z-^] — > — ^ 

(if A = 0, then the first ttq (g) C[z, z^^] should be replaced by ttq ® C[z, z^^]/Cvq (g) C). 

Now we can quantize the Toda hamiltonian. Let us define the map Qf : ttq — > vrf as 
J VaXz)dz. For any A E tcx the operator J Y{A, z)dz commutes with the derivative d. 
Hence it defines a map jFg T\. Denote the map , corresponding to Q^, by 

Ql 

4.3.4. Lemma. The jd"^ — linear terms of the operators Qf and coincide with the oper- 
ators —Qi and —Qi, respectively. 

Proof. According to formula (4.3.1), the operator 6^,n > 0, acts on ttq as 

^ d 
i=i 

Thus, we obtain from formula (4.2.5): 

Qr- 



dlj'_„ 




exp - V^Uz+ exp - - V^^Uz + ... 



OlJn 



n<0 j=l 

where Viin + 1) are the Schur polynomials in 6^,n < 0. If we replace h]^,n < by x^, 
then the linear term in this formula will coincide with formula (2.2.4), which defines the 
operator Qj, with the sign minus. Therefore, the linear term in Qf coincides with the 
operator —Qi. 

4.3.5. Definition. The intersection of kernels of the linear operators Qf : . , i E S, 
will be called the space of local integrals of motion of the quantum Toda field theory, 
associated to a finite- dimensional simple Lie algebra q (in this case S = {1, ... ,1}), or 
an affine Lie algebra g (in this case S = {0, . . . ,1}), and will be denoted by //^(g). 

4.3.6. Definition. The intersection of kernels of the operators Qf : ttq ^ ttq-, i = 1, . . . ,1, 
will be called the W -algebra of a finite-dimensional simple Lie algebra g and will he denoted 
hyWp{Q). 
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4.3.7. We will say that f/ is a vertex operator subalgebra of a vertex operator algebra 
V, if there is an embedding of vector spaces i : U ^ V, which preserves the Z— gradings, 
such that i{\0)u) = |0)y, and that for any A,BeU 

(4.3.5) i ■ [Y{A, z)-B]= Y{i ■A,z)-{i-B). 

We will say that f/ is a conformal vertex operator subalgebra of V, if in addition i{uju) = 

UJv- 

4.3.8. Lemma. Let A'^^\ . . . ^A^^"^ he homogeneous vectors of nxj^, ■ ■ ■ respectively. 
Then 

(a) The intersection of kernels of the operators f Y(A^^\ z)dz : ttq '^Xj^j = !,••• , N, 
is a vertex operator subalgebra of t^q; 

(b) The intersection of kernels of the operators J Y{A^^\ z)dz : JFq ^Xpj = 1, . . . ,N, 
is a Lie subalgebra of Tq. 

Proof, (a) Denote by X the intersection of kernels of the operators J Y(A^^\ z)dz, j = 
1, . . . , A^, and by i the embedding of X into ttq. Since the elements A^^^ are homogeneous, 
these operators are homogeneous, and hence X is Z-graded. Clearly, vq G ttq lies in X, 
so we can put \0)x = Vq- Thus, we have i{\0)x) = \0)no- We have to show that for any 
B,C & X the vector Bk ■ C, where Bk is a Fourier component of the field Y{B, z), lies in 
X for any A; G Z. In other words, we have to show that 

J Y{A^^\ z)dz ■ ■ C) = 0, J = 1, . . . , iV. 

But this follows from vanishing of the commutators 

[jY{A''^\z)dz,Bu] = Q, j = l,...,N, 

and the fact that JY{A^^\ z)dz -(7 = 0. The commutator vanishes according to formula 
(4.1.4): / Y{A^^\ z)dz = j^u) there is only one term in the commutator, which 

vanishes, because ^ff^^gg^(j)_,_]^ ' B = J Y{A^^\ z)dz ■ B = 0. 
(b) follows at once from formula (4.1.4). 
Thus we see that //^(g) is a Lie algebra and Wpio) is a VOA. 

4.3.9. A quantum integral of motion can be represented as x = x*-"^ + P'^x^^^ + ■ ■ ■ G J-'q. 
By Lemma ^.3.4] , the constant term x^^^ should be a classical integral of motion. We will 
call X a deformation or a quantization of x^'^^ Clearly, if exists, it is uniquely defined up 
to adding times other quantum integrals of motions. In other words, the dimension of 
the space of quantum integrals of motion of a given degree is less than or equal to the 
dimension of the space of classical integrals of motion of the same degree. In the rest of 
this section we will show that the dimension of the space of integrals of motion of a given 
degree of a Toda field theory for generic values of (3 is the same as for (3 = 0. Since the 
quantum integrals of motion depend algebraically on (3, this will imply that all classical 
integrals of motion of the Toda field theories can be deformed. The same is true for the 
VOA >V;3(g). 

4.4. Liouville theory. 
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4.4.1. In the quantum Liouville theory the space of integrals of motion is defined as the 
kernel of the operator '■ ^ ^i- We will proceed in the same way as in § |2.1| , by 
computing the kernel of the operator Q'^ : ttq — »• tti and then using the spectral sequence. 
Note that since the operator is a residue of a field, its kernel is a VOA, by Lemma |4. 3.^ . 

Thus, we consider the complex 

(4.4.1) VTo > VTi, 

where we normalized = J V{z)dz by According to Lemma [4.3.4| , this complex 
makes sense even when /3 = 0, when it coincides with the classical complex (2.1.17). We 
have therefore a family of complexes, depending on a complex parameter j3. Moreover, as a 
vector space our complex does not change, and the differential depends on (3 polynomially 
in each homogeneous component. The following simple observation will enable us to prove 
that all classical integrals of motion can be quantized. 

4.4.2. Lemma. Suppose, one is given a family of finite- dimensional complexes, depending 
on a complex parameter (3, which are the same as vector spaces, and the differentials 
depend analytically on (3. Then for any n the dimension of the nth cohomology group of 
the complex is the same for generic values of (3, and it may only increase for special values 
of j3. In particular, if a certain cohomology group of the complex vanishes, when = 0, 
then it also vanishes for generic values of (3. 

Proof. The nth cohomology is the quotient of the kernel of the (n + l)st differential by 
the image of the nth differential. The dimension of the kernel (respectively, the image) 
of a finite-dimensional linear operator, depending analytically on a parameter is the 
same for generic values of /?, and it may only increase (respectively, decrease) for special 
values of [3. 



4.4.3. Corollary. Under the conditions of Lemma [4.4.2|, suppose also that all higher coho 



mologies of the complex vanish, when /3 = 0. Then the dimension of the 0th cohomology 
for generic (3 is the same as for /5 = 0. 

Proof. Vanishing of the higher cohomology groups for generic values of (3 follows from 



vanishing for (3 = and Lemma [4.4.2| . Since the complex does not depend on /3 as a vector 
space, its Euler characteristics, which is equal to the alternating sum of the dimensions 
of the groups of the complex, also does not depend on (3. But the Euler characteristics 
is also equal to the alternating sum of the dimensions of the cohomology groups. Since 
the dimensions of higher cohomology groups are for generic j3 and for /5 = 0, the Euler 
characteristics is equal to the dimension of the 0th cohomology group for generic /3 and 
for (3 = 0. Hence the dimension of the 0th cohomology group for generic (3 is the same as 
for (3 = 0. 

4.4.4. Proposition. The operator : ttq ^ tti has no cokernel for generic (3. Its ker- 
nel, W/3(sl2); is a conformal vertex operator algebra. It contains a Virasoro element 
W!^2''^o> (^"i^d W/3(s[2) is freely generated from Vq under the action of the Fourier compo- 
nents W^, n < —1, of the field 

Y{W^vo,z) = J:W^z-^-\ 

ngZ 

This VOA is isomorphic to the VOA of the Virasoro algebra with central charge c = 
c{(3) = 13-3/32-12/3-2. 



INTEGRALS OF MOTION AND QUANTUM GROUPS 



51 



Proof. By Proposition |2.1.15| , the operator —Q, which, according to Lemma [4.3.4| , is 



the hmit of the operator (5~'^Q^, when (3-^0, has no cokernel. In other words, the 
1st cohomology of the complex (4.4.1) vanishes, when (3 = 0. This complex decomposes 
into a direct sum of finite-dimensional subcomplexes with respect to the Z— grading. By 
Corollary J 4. 4. the character of the 0th cohomology for generic j3 ( = the kernel of the 
operator Q'^) is the same as for /3 = 0: 

n>2 

This formula means that there is a vector Wfg'^o of degree 2 in the kernel of Q^. One 
can deduce from the axioms of VOA and the fact that the kernel of is a VOA (cf. 
Lemma [4. 3. 8] ) that this vector must be a Virasoro element in ttq. But we can also find an 




explicit formula for this vector: 
(4.4.2) W^2Vo 

The Fourier components W^^ of the corresponding field generate an action of the Virasoro 
algebra with central charge c(/3) on ttq and tti. This action commutes with the action 
of the differential Q'^. The operators W^^n < —1, act freely on ttq for any value of /3, 
because they act freely for /? = (cf. Proposition |2.1.15| ). Therefore, by applying these 



operators to vq we obtain a subspace of the kernel, which has the same character as the 
kernel; hence it coincides with the kernel. 

Clearly, this is the vertex operator algebra of the Virasoro algebra, which is defined, 
e.g., in II. 

4.4.5. Corollary. The space Ip{s[2) of local integrals of motion of the quantum Liouville 
model is isomorphic to the Lie algebra of residues of fields of the Virasoro vertex operator 
algebra. 

Proof. By definition, /^(5[2) coincides with the 1th cohomology of the complex C — > 
J^^ — ^ J^f — > C. We can use the spectral sequence (2.2.6) to compute this cohomol- 
ogy, in the same way as in the proof of Proposition |2.1.17| . The Corollary then follows 



from Proposition [4.4.4| and the fact that for any VOA V the quotient of V by the total 
derivatives and constants is isomorphic to the space of residues of fields. 

4.4.6. General case. We now want to show that all classical integrals of motion of the 
classical Toda field theory, associated to a finite-dimensional simple Lie algebra g, can be 
deformed. In order to establish that, we will construct a quantum deformation F^{q) of 
the complex F*{q) and then use vanishing of higher cohomo logics in the classical limit 
(3 = 0. 

Roughly speaking, this can be achieved as follows. We will first construct a resolution 
BI{q) over the quantized universal enveloping algebra (quantum group) of 0, f/g(s), which 
is a deformation of the standard BGG resolution -B*(0). The resolution BI{q) consists of 
Verma modules M^_^^^-^ over Uq{g), and the differentials are given by linear combinations of 
embeddings of Verma modules, defined by singular vectors ■ Ip^s'(p) £ M^p-s{p)^ where 
Pg, g G f/q(n+). In the limit g — > 1 this resolution coincides with the BGG resolution of q. 

We will define the quantum deformations of the operators Ps',s(Q) : ^p-s(p) ^ '^p-s'{p) 
as linear combinations of certain multiple integrals of products of bosonic vertex operators 
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VaXz), corresponding to P^, ^. It turns out that the operators satisfy the g— deformed 
Serre relations, which are the relations in the quantized universal enveloping algebra of 
the nilpotent subalgebra of g, f/g(n+), with q = exp(7rz/3^). This will allow us to define 
differentials on the quantum complex. 

Using the quantum complex, we will show that all classical integrals of motion can be 
quantized. 

4.5. Quantum groups and quantum BGG resolutions. 

4.5.1. Quantum group Uq{Q). Let be a Kac-Moody Lie algebra associated to a sym- 
metrizable Cartan matrix ||ajj||,z,j G S. The quantum group Uq^Q) |3l|, |78|, where 
g e C^,g 7^ ±1, is the associative algebra over C with generators Ci, fi, Ki, Kf^ ,i G S, 
and the relations: 

K,K, = K,K„ KiK-^ = K-'K, = 1, 

Ki — K^^ 



1 q{ai,ai)/2 _ q-{ai,ai)/2 ' 

and the so-called g-Serre relations, which can be defined as follows. 

Introduce a grading on the free algebra with generators ei,i = 1, . . . , /, with respect to 
the weight lattice P, by putting degCj = a^. If x is a homogeneous element of this algebra 
of weight 7, put 

Likewise, we can introduce operators adg/j on the free algebra with generators fi,i = 
1, . . . , / . Then the g-Serre relations read: 

(4.5.1) (ad,e,)-"-+^ ■ e, = 0, (ad,/,)-"-+i ■ f, = 0. 

If we put 



q{ai,ai)/2 _ q-{ai,ai)/2^ 

then in the limit g — > 1 these relations coincide with the standard relations of g in terms 
of ei,fi,hi,i e S. 

Denote by f/g(n+) the subalgebra of Uq{g), generated by ej,i = 1,... ,/, with the 
relations (4.5.1). This algebra is a quantum deformation of the universal enveloping 
algebra of the nilpotent subalgebra n+ of g. Let Uq{b^) be the subalgebra of Uq{g), 
generated by fi, Ki, K~^, i = 1, . . . J. 

4.5.2. Verma modules. Verma modules over Uq{g) are defined in the same way as Verma 
modules over g (cf. § |2.3.1| ). 

Let Ca be the one-dimensional representation of f/q(b_), which is spanned by vector 
1a, such that 

/,-1a = 0, i^,-lA = g(^'°^)lA, 2 = 1,... ,/. 
The Verma module over Uq{g) of lowest weight A is the module induced from the 
Uq{b -)-module Ca: 

Ml = Uq{g) ®u,ib.) Ca. 
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4.5.3. Singular vectors. We want to construct a resolution B1[q) over Uq{g), which would 
coincide with the standard BGG resolution in the limit g — >■ 1. Therefore as a vector 
space, the jth group -Bj (fl) of this resolution should be the direct sum of Verma modules 

Now we have to construct the differentials. 

We want to show first that the structure of singular vectors in the modules M'^_^^^^ for 
generic q is the same as the structure of the singular vectors for q = 1, which is described 



in § |2.3.2| . We will then proceed in the same way as in the case q = 1- 

The existence of these singular vectors can be derived from the determinant formula 
for the Shapovalov form on M^. This formula has been established in p6| (cf. formula 



^1.9.3)) for finite-dimensional simple Lie algebras. In (cf. Lemma 6.4) the irreducible 
factors of the formula were found for arbitrary symmetrizable Kac- Moody algebras. This 
is sufficient for our purposes. 

The above cited results show that the Shapovalov form on at weight r] vanishes, if 
one of the following equations is satisfied: 

m 

(4.5.2) (A_p,^) + _(^,^) = 0, 

where 7 runs over the set of positive roots of g, and m runs over the set of positive 
integers, such that rri'y < rj. Note that in this formula we have signs different from those 
ZB|, [75[, because we work with modules of lowest weight. 



m 



Consider now the module M^_^^py It is known that for any s', which satisfies s ^ 
s' and l{s') = /(s) + 1, there exist 7 and m, such that p — s'{p) = p — s{p) + m'j 
and (s(p),7) — -^(7,7) = 0. Therefore the equation (4.5.2) is satisfied and hence the 
determinant is equal to at weight p — s'{p). 

4.5.4. Remark. In fact, in order to prove this statement, we do not need the exact formula 
for the determinant. We can proceed along the lines of using the Casimir operators, 
constructed in MM or and the limit g ^ 1 of the determinant formula from [B^]. 



4.5.5. On the other hand, the determinant is not equal to at any level rj < p — s'{p) 
for q = I and hence for generic q. Therefore in M^__,^p^ there should exist a singular 



vector of weight p — s'{p). 

This singular vector defines a map 

by sending the lowest weight vector of M'^_^,(^^^ to the singular vector Pj,^^ ■ lp_s(p) 

of M^_^^^j of weight p — s'{p). This map is an embedding of Verma modules for generic 
q, because it is an embedding for g = 1. 

We can map singular vectors, constructed this way, inductively to Mg . Thus, we obtain 
in Mg singular vectors of weights p — s{p) for arbitrary elements s of the Weyl group. 

We know that for q = 1 there is only one singular vector of weight p — s{p) in Mq. 
But the dimension of the space of singular vectors of a Verma module M| of a certain 
weight for generic q is greater than or equal to that for g = L Therefore there is only one 
singular vector of such weight in Mg for generic g. 

Uniqueness implies the relation 
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in Ug{n+). Indeed, both Pj„^,, Pj, and P,^„^,, P|^,l^_,(^) are singular vectors in 

Mp_5(p) of weight p — s"{p). Therefore they coincide for generic q. 

4.5.6. The differential. Now we can construct a differential on the complex Bf{Q). For 
any pair s, s' of elements of the Weyl group of g, such that s -< s", we have the embeddings 
of 0-modules z^,^, : M^«_^,(^) ^ K-s{py ^hey satisfy: z^, o = o z^„^^, , according 
to (4.5.3). We define the differential d'j : Bj{g) — ^ Bj_ilQ) by the formula 

(4.5.4) d] = y: 

l{s)=j-l,lis')=j,s^s' 



(cf. formula (2.3.1)). By construction, this differential is nilpotent (cf. Theorem 2.3.5| ). 



Note that since higher cohomologies of B^{g) vanish for g = 1, they also vanish for 



generic q, by Lemma [4.4.2| . Therefore the 0th cohomology is one-dimensional for generic 
q, by Corollary |4.4.3| . Thus, for generic q, -B*(g) is a free resolution of the trivial repre- 
sentation of Uq{n+). 

4.5.7. Remark. In the same way we can g-deform the BGG resolution of an arbitrary 
integrable representation Va, A G P, of a Kac- Moody algebra. Such a resolution has also 
been constructed in by other methods. 

Vanishing of higher cohomologies of this resolution for q = 1 implies that they vanish 
for generic q. But then the 0th cohomology for generic g is a module over Uq{Q), which 
is irreducible, since V\ is irreducible, and whose character is the same as the character 



of Vx for g = 1, by Lemma [4.4.3| . This gives an alternative proof of the fact that any 
integrable representation of g can be g-deformed, previously proved by Lusztig by 
other methods. 

4.6. Toda field theories associated to finite-dimensional simple Lie algebras. 

4.6.1. Now we can use the resolution P=„(g) to define the quantum complex P|(g) = 
©j>oP^(0). The jth group P^(g) of the complex is the same as the jth group of the 
classical complex F*{q): 

To define the differentials of the complex, we have to quantize the operators Pg'^siQ) '■ 
T^p-s{p) T^p-s'{p)- In order to do that we should first learn how to compose the operators 

Qf. 

4.6.2. Let p = (pi, . . . ,pm) be a permutation of the set (1, 2, . . . , m). We define a contour 
of integration Cp in the space (C^)™ with the coordinates zi, . . . ,Zm as the product of 
one-dimensional contours along each of the coordinates, going counterclockwise around 
the origin starting and ending at the point Zi = 1, and such that the contour of Zp- is 
contained inside the contour of Zp. for i > j. 

Denote by i = (zi, . . . ,im) a sequence of numbers from 1 to /, such that ii < 12 ^ 
... < im- We can apply a permutation p to this sequence to obtain another sequence 
j = (ji, . . . , jm) = (^pi, • • • , ipm)- Lst us define an operator V-^ as the integral 



/ dz,...dz^ n (z,-^o^^K.-.) n ^f('•"-^KJzo•••K,^w:= 

'^P l<k<l<m l<k<m 

(4.6.1) E r;--'"-:K.JnO...K..Jn^):, 



Jll, 
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where the coefficient - jg given by 

(4.6.2) r-'-'"- = / dz,...dz^ n i^k-zif^-^'^'-n^ n ^f^''"-^-"\ 

•^P l<fc</<m l<k<m 

In the integrals above, we choose the branch of the power function, which takes real 
values for real values of the Zi^s, such that Zj^ > Zj^ > . . . > zj^. Thus, Cp should be 
viewed as an element of the group of relative m-chains in (C^)™ modulo the diagonals, 
with values in the one-dimensional local system ^i, which is defined by the multivalued 
function 

n [z, - z,)-^'(-^^'-n) n ^/^'"-^ 

l<k<l<m l<k<m 

The integral of the type (4.6.2) over any such relative chain is well-defined for generic 
values of j3. Indeed, the integral 

/ dzi...dz„^ n i^k-zif'^ n 4 

l<k<l<m l<k<m 

over such a chain C converges in the region Re/ifcj > 0, and can be uniquely analytically 
continued to other values of fi^h which do not lie on certain hyperplanes, cf. ||114|| , 
especially. Theorem (10.7.7), for details. These hyperplanes are defined by setting some 
linear combinations of /ifc^'s, with integral coefficients, to negative integers. For generic 
(3 the exponents in our integral do not lie on those hyperplanes, therefore the integral is 
well-defined. 

Note that the integral in (4.6.2) depends on j and not on p. For any G Z the operator 

ni+...+nm=N 

is a well-defined homogeneous operator acting from ttx to nx+'y, where 7 = J^JLiCHj- 
Therefore, the operator is a linear operator from tt^ to the completion 77^+^ of nx+'y 

4.6.3. One can interpret the operator as a suitably defined composition operator 
Qji ■ ■ ■^'jm- Indeed, let us define the bosonic vertex operator Va^iz), acting from Tlx to 
vTA+a, as ■14,(2). One has (cf., e.g., [||], formulas (8.4.25) and (A.2.9)) 



(4.6.3) V^^^ (z^) . . . V^^^ (z^) = n (^fe - ^if ^"^'^'"^'^ ■■ (^1) • • • (^-) ^ 

l<k<l<rn 

for \zi\ > ... > \zm\- Note that unlike the Fourier components of Vaj_^{zi) . . .Va^^{zm), 
the Fourier components of : Va^ (zi) . . . Va-^{zm) '■ are well-defined linear operators, ana- 
lytically depending on 2:1, . . . ,ZmiTL the region C^\diag, which do not change under the 
permutations of coordinates. 

We have for ji = (j^, . . . , j^) and ja = (ji, . . . , j^): 

(4.6.4) vW = v:f . V 

^ ^ Jl J2 (jl,J2) 

where Vj^ '■ t^x ^ ^x+'y2 : ^x+'n+-y2- Indeed, we can choose the contour 

Cp in such a way that \zp.\ > 1 for i = 1, . . . ,m and \zp.\ < 1 for i = m + 1, . . . ,m + n. 
Then the composition in the left hand side of (4.6.4) is well-defined, and concides with 
the right hand side. 

According to Lemma 4.3.4, the /5^-linear term of the operator coincides with the 



operator —Qj, therefore the leading (/?^™th) term of coincides with {—l)^Qj^ ■ ■ - Q 



3m . 
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The operators Qi satisfy the Serre relations. We want to show that the operators Vf 
satisfy the g-Serre relations, where q = exp(7ri/5^). 

4.6.4. Consider a free algebra A with generators gi,i = 1, . . . ,1. We can assign to each 
monomial gj-^ . . . gj^ the contour Cj and hence the operator V^^ . This gives us a map 
A from A to the space of linear combinations of such contours. Given such a linear 
combination C, we define Vq as the linear combination of the corresponding operators 

Consider the two-sided ideal 5*^ in A, which is generated by the g-Serre relations 
(ad^fj), "''^ ■ gj, i ^ j, where q = exp{7iiP'^). 

4.6.5. Lemma. If C belongs to A{Sg), then Vq = 0. 



Proof is given in |T^. It is based on rewriting the integrals over the contours Cj as integrals 
over the contours, where all variables are on the unit circle with some ordering of their 
arguments. 

We have to prove that (adQi)""'^'*'^ ■ Qj = 0. Let Vp^j^ be the operator, defined by 
formula (4.6.1), where the contour Cp is replaced by contour 

Cp = {{zi, ... ,Zm) \ \zi\ = 1,0 < arg Zp^ < ... < aigZp^ < 27r}. 

By induction one can prove that 

(adQj)™ ■ Qj = /mV(i,...,jj), 

where 

and Lemma follows. 

Thus, we obtain a well-defined map, which assigns to each element P of the algebra 
f/q(n+) ~ A/Sy the operator Vp. 

4.6.6. Lemma. Let P G f/g(n+) be such that P ■ 1\ is a singular vector of of weight 



A + 7. Then the operator Vp is a homogeneous linear operator ttx 71 



7- 



Proof. It is known that under the conditions of the Lemma, the contour A(P) is a cycle 
in the group //"((C^)™, diag; ^i), cf. fl^, |T|, [l|, |T0|, ^1§. Therefore, only the degree 
integrands (with respect to the grading deg^j = degdzi = 1) of the integral over A(P) 
give non-zero results. In other words, all coefficients 

/ dz,...dz^ n iz,-z^f(-^^^'^n) n zf(^--)-- 

"^(^^ l<fe</<m l<k<m 



vanish, unless J^iLi = —m. It means that in the operator Vp all homogeneous compo- 
nents, except one, vanish, and Lemma follows. 
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4.6.7. Remark. The statements of Lemma ^ . 6 . 5| and Lemma [4 . 6 . 6| follow from more general 
results on the remarkable and not yet fully understood correspondence between quantum 
groups and local systems of the type on configuration spaces, established in the works 
of Schechtman and Varchenko ||109| , |114| , |11(]|| (cf. also [^). 



Let us also remark that in ||114|| Varchenko constructed explicitly certain absolute chains 
in [C^)\diag, which have all the nice properties of the relative chains Cp, including the 
factorization property (4.6.4) (cf. §14 of [p.l4]| ). One can use these chains instead of Cp 
in the definition of our operators. 



4.6.8. Quantum differentials. We are ready now to define the differentials 



0) 



F^{q) of the quantum complex F^{q). Recall that for any pair s,s' of elements of the 

G Mp_s(p) of weight p — s'{p), where 



/3 

Weyl group there exists a singular vector P', 



P,", , G f/,(n+). We put: 
(4.6.5) 



0/3 



E 

-1,1(8')- 



1^ 



Vpq 



where q = exp(7rz/3^). By Lemma [4.6.6| , the differentials (5^ are well-defined homogeneous 
linear operators. From the nilpotency of the differential of the quantum BGG resolution 



and Lemma [4.6.5| we deduce that these differentials are nilpotent. 

Thus, we obtain a family of complexes F^{g), depending on the parameter /3. As was 
explained above, we can rescale the differentials by some powers of (3, so that when /3 = 
the complex F^{q) becomes the classical complex F*{q). 

4.6.9. Theorem. For generic f3 higher cohomologies of the complex F^Iq) vanish. The 
0th cohomology, Wf^lg), is a conformal vertex operator algebra. There exist elements 



W 



• , W^lf^iVo of W/3(fl) of degrees di + 1, . . . ,di + 1, where the di 's are the 
exponents of q, such that Wis^q) is freely generated (in the sense explained below) from vq 
under the action of the Fourier components VF^*-*'^, 1 < i < l,ni < —di, of the correspond- 
ing fields 



W 



-n—di — l 



Moreover, W^2'^vo is the Virasoro element, and the other elements W^lf__-^VQ can be 
chosen so as to be annihilated by the corresponding Virasoro generators Wj^-^'^,n > 0. 



Proof. Lemma [4.4.2| together with Proposition |2.4.7| lead us to conclude that for generic 
j3 all higher cohomologies of the complex F^Iq) vanish. 

Therefore, by Corollary [4.4.3| , the 0th cohomology, W/3(g), of the complex Fp{g) for 
generic f5 has the same character as the 0th cohomology of the complex F*{q) (cf. the 



proof of Proposition 2.4.7 ) 
(4.6.6) 



n 



l<i<l,ni>di 



This formula shows that there is a vector of degree 2, 
Virasoro element. It is given by the following formula: 



in W/3(0), which is a 
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The Fourier components L„ = VF^^-*'^, n G Z, of the field corresponding to W^2^Vo, 
generate an action of the Virasoro algebra on ttx. They commute with the action of the 
differential and hence they preserve the space W/3(g), which is the kernel of 6j^. 

Recall that a singular vector is a vector, which is annihilated by the positive Virasoro 
generators L„, n > 0. Verma module is a module over the Virasoro algebra, which is freely 
generated from a singular vector by L„,n < 0. The degree of the singular vector, from 
which it is generated is called highest weight. The vacuum Verma module is the module, 
freely generated by L„, n < —1, from a vector, which is annihilated by Ln,n > —1. From 
the structural theory of Verma modules over the Virasoro algebra we know that 



Verma modules of integral non-zero highest weight and the vacuum Verma module are 
irreducible for generic central charge. Moreover, there can be no non-trivial extensions 
between such modules for generic central charge. 

Therefore for generic f3 each singular vector of ttq, except for vq, generates an irreducible 
Verma module of positive integral highest weight under the free action of the generators 
Ln,n < 0. The vector vq generates the irreducible vacuum Verma module under the free 
action of the generators Ln,n < —1. As a module over the Virasoro algebra, ttq is a direct 
sum of the vacuum Verma module generated from vq and some Verma modules of positive 
integral highest weights. Since W/3(0) is a submodule of ttq, it is also a direct sum of such 
modules. In particular, we see that the character of the space of singular vectors in W/^Iq) 
is equal to 

(4.6.7) (1-g) n {l-q^'T' + Q- 

2<i<l,ni>di 

From this fact and the character formula (4.6.6) we can derive that there exist singular 
vectors W^lf_^VQ of degrees di + 1 in the 0th cohomology, which in the limit (3 = can 



be chosen as polynomial generators W^l__i of W(g) from Proposition |2.4.7. 



This can be proved by induction. Suppose, we have proved this fact for i < j. Thus, 
we have constructed singular vectors w!ilf_-^vo, i = 1, . . . , j — 1, satisfying the conditions 
above. Let W(0)' be the subspace of W(0), which consists of all polynomials in W^*\ < 
—di, i = 1, . . . , j — 1. Consider the component W(fl)dj+i of W(0) of degree dj + 1. In this 
component the subspace W(g)^^._,_]^ = W^q)' nW{Q)dj+i has codimension 1. Now consider 
as a formal variable and the space Wfs{Q) as a free module over the ring C[[/9^]] as in 
§ ^XT| . Denote by S^.^^ the space of singular vectors of W/3(g) of degree dj + 1. We have 



a natural projection W/3(g) — > W/3(g)//?^ ■ W/3(g) ~ VV(g), the classical limit. We will 
show that the image of Sj_^_i in W(g)dj.+i is not contained in W(g)^^,_,_i. 

Indeed, note that the action of the operators L„,n > —1, on ttq is well-defined in the 
limit (3 = 0, and denote the corresponding operators by L!^\ These are derivations of 
ttq, which generate a Lie subalgebra of the Virasoro algebra. The action of the operator 
L_i does not depend on (3 and coincides with the action of the derivative d. From 
our inductive assumption we already know the commutation relations between L„ and 
Wli^'^,i = 1, . . . ,j — 1. They are given by formula (4.6.9) below. These relations give us 
in the limit (3 = 0: 

L^^^ -Wi'^ = ind,-n,)w!^U^, 

where we put VF^^ = 0, if m > — rfj. From these formulas it is clear that the polynomial 
algebra A^^\ generated by PV^*^'^, i = 2, . . . , j — 1, is preserved by the action of L'^\ n > 

— 1. But the operator = d acts freely on ttq/C and hence on A^^'^ /C If X is a singular 
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vector in W(0)', i.e. if it is annihilated by the operators L^\n > 0, it should lie in A^^\ 
But if X is a singular vector, then can not be a singular vector. Therefore the 

character of the space of singular vectors, contained in W(0)', is less then or equal to the 
character of the quotient of A^^^ by the total derivatives, which is equal to 

(4.6.8) (1-g) n + g 

2<i<j — l,ni>di 

(in fact, it can be shown that it is equal to (4.6.8)). 

The image of Sj^i C W/j (3)^^+1 in W(5)d^+i lies in the space of singular vectors of 

y^{&)dj+i- Formulas (4.6.7) and (4.6.8) show that the dimension of the space Sj_^^i is 
greater than the dimension of the space of singular vectors of W(g)^^^]^. Hence there 
should exist a singular vector in Wf3{g)dj+i, whose image in W(fl)d^+i is linearly inde- 
pendent from the subspace W(g)^^._,_i. Denote such a vector by W^J'.^_-^^Vo. By Proposi- 
tion p.4.7| its image in W(g) is algebraically independent from the previously constructed 
W^l._i, i < j, and hence it can be chosen as a generator W^}__'^ of W(0). This completes 
our inductive argument. 

The Fourier components W^^'^^rii < —di, of the fields corresponding to the singular 

vectors W^lf_iVQ act on vr^ and commute with the differential 5^. Therefore they act on 
W/3(0). In the limit (3 = their action coincides with the action by multiplication by the 
polynomials W^^\ 

The polynomials W^^^rii < —di, were shown in Proposition p.4.7| to be algebraically 
independent. Therefore monomials 

W^^i) . . . G W(0), 

where i\ < ■ ■ ■ < im and nj, < n,.^^ for ij = ij^i are linearly independent. But these 
monomials are images (classical limits) of monomial elements 

ordered so that ii < ■ ■ ■ < im and rii. < rii.^^ for ij = ij+i- Therefore the latters are 
linearly independent in Wpi^Q). 

Hence such monomials linearly span a subspace in the W/3(0), whose character is given 
by (4.6.6). But we know that this is the character of W/3(0). Hence these monomials form 
a basis of Wp^Q). By analogy with the case of universal enveloping algebras, where one 
can choose the Poincare-Birkhoff-Witt basis, one can say that the operators W^^^'^, 1 < 
i <l,ni < —di, freely generate W/3(g) from vo- 

4.6.10. Remark. A vector in a VOA, which is a singular vector with respect to the action 
of the Virasoro algebra, gives rise to a field, which is called a primary field of conformal 
dimension equal to the degree of this vector. 

Suppose, A is such a vector, of degree A. Then we have the following OPE: 

../^ X../. X AY(A,z) d,Y(A,z) 
Y{T, z)Y{A, w) = - — + ^ ' ^ + regular terms. 
[Z — W)'^ z — w 

This gives us the following formula for the commutation relations between the generators 
Ln, n G Z, of the Virasoro algebra, and the Fourier components. Am, of the field Y{A, w) = 

[Ln, Am] = (n(A - 1) - m)An+m- 
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These commutation relations show that the Fourier components of a primary field of 
conformal dimension A behave with respect to the generators L„ = t'^^^dt as the (1 — 
A)— differentials on the circle t'^^^^'^dt^'^ . 

Theorem |4X9| shows that the VOA Wp^Q) is "generated" by / fields: Wf(2),2 = 
1, . . . , /. The first of them, Wf (2;), is the Virasoro field, and the others are primary fields 
of conformal dimensions equal to the exponents of g plus 1 with respect to this Virasoro 
field for generic /3. This means that we have the following commutation relations for 
generic /?: 

(4.6.9) [L„, WW''^] = {nd, - m)l^S't 

The fields Wf(2),z = 1, . . . ,/, generate the VOA Wpi^Q) in the sense that the OPE 
of any two of these fields can be expressed through normally ordered expressions of the 
same fields and their derivatives. This is equivalent to the property that VV;3(g) is freely 
generated from vq under the action of the non-negative Fourier components of the fields 
Wf(^). 

The vertex operator algebras W/3(g) were constructed by Fateev and Zamolodchikov in 
the case of g = £[3 [Q, and by Fateev and Lukyanov in the cases g = s[„ and S02„ ||4l[ . 
They found explicit expressions of Wf (z) through the free fields and then verified that 
the OPE closes. It was conjectured that such vertex operator algebras exist for arbitrary 



finite-dimensional simple Lie algebras. In Theorem [4.6.9| we prove this conjecture (this 
was first announced in |5^). A similar construction for g = st^ was proposed in ||99[ . 

One can also define W-algebra W/3(g) through the quantum Drinfeld-Sokolov reduction 
of the affine algebra g of level k [||, ||, |7|- ^^is setting, >V^(g) with /3 = -{k + h^y^^'^ 
is the 0th cohomology of the corresponding BRST complex. We have shown in [^, §4, 
and §3 that the complex -F^(g) appears as the first term of a spectral sequence of 



this BRST complex for generic k. 

One can also use the opposite spectral sequence of the BRST complex to prove the 



existence of W-algebras, cf. |25 



4.6.11. Theorem. The Lie algebra //3(g) of local integrals of motion of the quantum Toda 
field theory, associated to q, is isomorphic to the Lie algebra of residues of fields from the 
W-algebra Wpig). 



Proof. As explained in Lemma [4.6.6| , the differentials of the complex F^{g) are integrals 
over cycles. Therefore, the differentials of the complex F^{g) commute with the derivative, 
and we can form the double complex 

C — > F;(g) ^ F|(g) C 

with ±(9 as the vertical differentials. By definition, the space //3(g) coincides with the 1st 



cohomology of this double complex. The Theorem now follows from Theorem [4.6.9| and 



the analogue of the exact sequence (4.3.3) for the VOA W/3(g). Thus, the Lie algebra 
J/3(g) is a quantum deformation of the Poisson algebra /o(g) in the same sense as before: 
the Lie brackets in //3(g) in the /3^-expansion have no constant term, and the linear term 
coincides with the Poisson bracket in /o(g). 

In the same way we can show that the space of integrals of motion in the larger space 
J-'q coincides with the Lie algebra of all Fourier components of fields from W/3(g). 

4.7. AfRne Toda field theories. In this subsection we will extend the methods of the 
previous subsection to the quantum affine Toda field theories. 
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4.7.1. Our task is again to construct the deformed complex F^{q), which becomes F*{q) 
in the hmit /5 — > 0, for an affine Lie algebra g. 

According to § |4.5.6| the quantum BGG resolution -B^(g) exists for the quantized affine 



algebra Uq{Q). Lemma [4.6.5| and Lemma [4.6.6| also hold in the affine case. Thus, we can 
define the complex F^{q) in the same way as in the case of finite-dimensional simple Lie 
algebras. 

As a vector space, the jth group of the complex F^{q) is the direct sum of the modules 
Ttp-s{p)i where s runs over the set of elements of the Weyl group of q of length j. The 
differential 5^ : Fj~^(g) F^{g) is given by formula (4.6.5). Note that this complex 
is Z— graded with finite-dimensional homogeneous components and the differentials are 
homogeneous of degree 0. 

After proper rescaling of the differentials, we obtain a family of complexes, defined for 
generic /? G C, such that for /3 = we obtain our classical complex F*{q). Let us restrict 
ourselves with the affine algebras, whose exponents are odd and the Coxeter number is 



even. It turns out that using the result of Proposition |3.2.5| , in which the cohomologies 
of the complex F*{q) were computed, and the fact that the Euler characteristics of the 
cohomologies does not depend on j3, we can prove that the cohomologies of the complex 
F^(g) for generic /3 are the same as for (3 = 0. 

4.7.2. Proposition. For generic (3 the cohomologies of the complex F^{q) are isomorphic 
to the exterior algebra A*(ci*) of the dual space to the principal commutative subalgebra a 
ofn+. 

Proof. Let Fj(0)m and H-'p{g)m be the mth homogeneous components of the jth group of 
the complex F^{q) and of its jth cohomology group, respectively. The Euler characteristics 
of the mth homogeneous component of the complex F^{q), 

J2{-iydimFl{g)m = dimi/^(0U, 

does not depend on (3. 

From Proposition ^.2.5| we know that the Euler character of the complex F*{q) is equal 



to that of A* (a*): 

n (i-o, 

n=dimodh 

where di, . . . ,di are the exponents of g and h is the Coxeter number. In fact, one can 
compute the Euler character of our complex by a different method. By definition, it is 
equal to 

j>0 n>0 s 

Using the Weyl-Kac character formula for the trivial representation of g in the principal 
gradation [Q, we can reduce it to the product formula above. 

We restrict ourselves with the case when all the exponents of g are odd and the Coxeter 
number is even (the general proof is technically more complicated and it will be published 
separately). Then the subcomplex F*(g)m, has cohomologies of only even degrees, if m is 



even, and of only odd degrees, if m is odd. It means, according to Lemma |4.4.2| , that the 
same property holds for the subcomplex F|(g)m for generic values of p. 
But then we have: 

J2 dim (g)m = dim H^^ (g)m 

j>0 j>0 



62 



BORIS FEIGIN AND EDWARD FRENKEL 



for even m and 

j>o j>o 
for odd m. If the value /? = of the parameter were not generic, then for generic jS 
we would have dim Hj^{Q)m > dimHl{g)m for all I, and there would exist such i that 
dim Hp{g)m > dimHQ^g)^- But this would contradict the equahties above. Therefore for 
any m and j 

dimif^(0)„ = dim H^{Q)m, 

and Proposition follows. 

4.7.3. Theorem. All local integrals of motion of the classical affine Toda field theory can 
be deformed, and so the space I/siQ) of quantum integrals of motion is linearly generated by 
mutually commuting elements of degrees equal to the exponents of g modulo the Coxeter 
number. 



Proof. The same as in Theorem |3.2.5| , in particular, since the Lie bracket preserves the 
grading, from the fact that they all have odd degrees follows that they commute with 
each other. 

4.8. Concluding remarks. 

4.8.1. The duality [3 — (r^)^//? and the limit (3 ^ oc. There is a remarkable duality in 
W-algebras [^, 0, ^ . Let g be a simple Lie algebra and g^ be the Langlands dual Lie 
algebra, whose Cartan matrix is the transpose of the Cartan matrix of g. Let be the 
maximal number of edges, connecting two vertices of the Dynkin diagram of g. 

For generic values of (3 the vertex operator algebra W/3(g) is isomorphic to the vertex 
operator algebra W/3i(g^), where (3^ = — (r^)5//5. 

Accordingly, under these conditions //3(g) — I/sL^g^). 

Clearly, g ~ g-'", unless g is of types i?„ or C„, in which case they are dual to each other. 
The duality means then that there is only one family of W-algebras associated to the Lie 
algebras -B„ and C„. 

The proof of this duality [^, Q is based on the explicit computation in the rank 
one case, which follows from the proof of Proposition [4.4.4] . Indeed, it is clear that the 
Virasoro element in W/3(5[2) given by formula (4.4.2) is invariant under the transformation 
P —2/(3. Therefore for generic [3 we have the isomorphism >V/3(sl2) — W-2//3(-sb)- 

General case can be reduced to the case of s[2. Let ttq'' be the subspace in ttq, which 
is generated from vq by the operators V*,n < 0,j 7^ i. These operators commute with 
bln,m e Z, and hence with Qf = J Vi3ai{z)dz. Therefore the kernel of the operator 
on ttq coincides with the tensor product of ttq^ and the kernel of the operator Qf on the 
subspace of ttq, generated from vq by the operators n < 0. But the latter is isomorphic 
to W/3||q,.||(s[2), and hence does not change, if we replace P by — 2/(/3||a;i|p). 

Thus we see that the kernel of the operator Qf = / Vgai (-2)^^-2 coincides with the kernel 
of the operator J V^^^ /f3{z)dz, where = 2ai/{ai,ai). It is known that the scalar 
product (a/,a;J) in f)* C g equals times the scalar product (af,^^) of the simple 
roots af G 1)^ C g^ of the Langlands dual Lie algebra g^. We can therefore identify the 
Heisenberg algebras f) and by identifying a/ with (r^)2a;f. But then the operator 
J V-a')^ /p{z)dz becomes the operator ) where (3^ = — (r^)2//3. Therefore for generic 
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values of (3 the kernel of the operator coincides with the kernel of the operator of 
the Langlands dual Lie algebra. Thus, W/3(0) ~ VV/3i,(0^). 

This duality has a remarkable limit when j3 oo. Of course, in this case the operator 
Qi is not well-defined and has to be regularized. 

It suffices describe this regularization in the rank one case. To this end, consider the 
Heisenberg algebra with generators &„, n G Z with the commutation relations 

We will introduce bases in the Fock spaces ttq and tt/^ in such a way that the matrix 

elements of the operator = J Vp{z)dz : -kq ^ up are well-defined when (3 oo. 

As the basis elements in ttq we will take monomials in h'^ = bn/f3,i < 0. Denote 
= J Vpz^~^dz, N eT,. The basis in vr^ consists of elements 

(4.8.1) b'^^... b'^^WN, n^<n2< ... <n^< -1, N<0, 

where for finite /? we put wn = Wn ■ vq. Here vq is the vacuum vector of ttq. In particular, 
wq is the vacuum vector vi of np. 

In order to find out how acts on a monomial basis element of ttq, we can use the 
commutation relations 

[WN,b'J = -Wr,+n, 

which follow from formula (4.2.6). So, when we apply = Wi to a monomial in 6^'s, 
we obtain a linear combination of terms of the form (4.8.1), but with rim < —1- However, 
we can re-express elements P ■ {b'_-^^)^W]sf, where P is a polynomial in b'^, n < —1, in terms 
of elements of the form (4.8.1), using the identity 

(4.8.2) h'^WM = -^NwN, iV<0. 



E 

n+M=7V,n<0,A.f<0 



This identity can be obtained by applying to vq the negative Fourier components of the 
formula 

: Kz)V,{z) := ^j-V,{z). 

But then see that the matrix elements of the operator in this new basis are polyno- 
mials in and therefore they define a certain linear operator, when = 0. We will 
denote this operator by Q°°. 

We can show that the kernel of the operator coincides with the /3 — oo limit of 
the kernel of the operator for generic (3 [^]. We can then check that this kernel is 
isomorphic to the — *• limit of the kernel of the operator for generic (3, which is 



described in Proposition 2.1.15 



By extending this result to higher rank case in the same way as for generic /3, we can 
prove that Woo(0) — VVo(0'^), where Woo(0) denotes the intersection of kernels of the 



operators Q°° associated to q 

The quotient /oo(0) of Woo(0) by total derivatives and constants has a Poisson bracket, 
which is equal to the /5~^-linear term in the commutator in I/3{q). This isomorphism 
implies that /oo(0) ^ /o(0^)- 



In ^ we showed that /oo(0) is isomorphic to the center Z{q) of a certain completion 



of the universal enveloping algebra of the affine algebra g at the critical level. Thus, we 
see that the center Z(q) is isomorphic to the classical W— algebra of the Langlands dual 
Lie algebra 0^. 
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In the same way we can prove the isomorphism /oo(s) — Io{q^), where q is an affine 
Kac-Moody algebra and is the affine algebra, whose Cartan matrix is obtained by 
transposing the Cartan matrix of Q. 

4.8.2. Explicit formulas. It is an interesting problem to find explicit formulas for the 
quantum integrals of motion of the affine Toda field theories. 

Explicit formulas for the classical ones are known in many cases. For instance, there are 
many effective methods to compute explicitly the KdV hamiltonians, which are the local 
integrals of motion of the sine-Gordon model. However, it seems none of those methods 



can be used to produce the quantum integrals, cf. e.g. So far, only partial results 

have been obtained in this direction. 

First of all, a few quantum integrals of motion of the sine-Gordon theory of low degrees 
are known for any value of the central charge of the Virasoro algebra, cf. e.g. ||108|]. When 



the central charge is equal to 1 — 3{2n — 1)^/ [2n + 1) (the (2, 2n + 1) minimal model of 
the Virasoro algebra), it is known that the quantum integral of motion of degree 2n — 1 
can be obtained as the residue of the field, corresponding to the singular vector of degree 
2n in the vacuum Verma module of the Virasoro algebra BBl 123] . An explicit formula 



is known for this singular vector, and this allows one to write down the corresponding 
integral of motion for this value of the deformation parameter. A similar phenomenon 



has been observed in other theories 29 



Finally, the quantum integrals of motion are known for the central charge c = —2, which 
corresponds to (3 = 2. The reason for that is that in this case the operators Qi and Qq 
have a simple realization in terms of the Clifford algebra with the generators ipi^ipl^i G Z 
and the anti-commutation relations 

Indeed, let A* = ®nez A" be the Fock representation of this algebra with the vacuum 
vector V, satisfying 

ipiV = 0,i>0, ilj*v = 0,i>0. 

This representation is Z— graded in accordance with the convention deg ipi = 1, deg ip* = 
— 1. One can introduce an action of this Clifford algebra on the space (BnezT^n using the 
vertex operators by the formulas 

Since /3 is an integer, all Fourier components of these vertex operators are well-defined 
on any of the modules 7r„. This boson-fermion correspondence allows us to identify our 
complex F2*(3l2) — (Bnez'^2n with the even part of A*- The operators Qi and Qq then 
become 
(4.8.3) 

Qi= f V2{z)dz = f ^{z)d,^{z)dz, Qo= f V^2{z)dz = [ r{z)d,r{z)dz. 



It is not difficult to prove directly that they satisfy the Serre relations with q = 1. 
Recall that for generic values of /3 only the compositions of the operators Qi and Q'^, 
corresponding to the singular vectors in the Verma modules over the quantum group, are 
well-defined as linear operators acting between the spaces 7r„. The operators (4.8.3) are 
always well-defined and they generate an action of the nilpotent Lie subalgebra n+ of SI2 



on A*- In fact, this action can be extended to an action of the whole Lie algebra si2 fS^ . 
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It is possible to write down explicit formulas for the integrals of motion for (3 = 2 in 
terms of the fermions ip{z), 'ip*{z) [pO| : 



n2n+l = J ^{z)dT-'r{z)dz. 

These formulas can be converted into nice formulas in terms of the generators of the 
Virasoro algebra, which first appeared in [|108[. Other features of the case (3 = 2 have 



been studied in 

Similar, but more complicated is the case when j3 = N, a. positive integer. Then the 
operators Qi and Qo can be written in terms of ip{z) and ip*{z) as follows: 



Qi= U{z)d,^lj{z)...d^-'iP{z)dz 



Qo = J r{z)d.r{z)---d:-'r{z)dz. 

In these cases explicit formulas for the integrals of motion are still lacking. Finding such 
formulas for infinitely many integers N would lead to an independent proof of the existence 
of quantum integrals of motion. 

4.8.3. Special values of (3 for finite-dimensional g. So far, we have only been interested 
in the generic values of the deformation parameter (3. In this subsection we will discuss 
briefly what happens for special values of /3, that is the values, for which the kernel of the 
operator Qi on JFq becomes larger. 

Let us first look at the case of finite-dimensional g. In the simplest case of g = SI2 
our complex is ttq — > tti, and we have proved that for generic values of (3 the first 
cohomology of this complex is trivial. In fact, this statement can be proved directly, using 
the description of the structure of the modules ttq and tti over the Virasoro algebra from 
5^ . According to this description, the module tti is irreducible for generic (3, while the 



module ttq contains an irreducible submodule, such that the quotient by this submodule 
is isomorphic to tti. If (3'^ is a positive rational number, however, the modules ttq and tti 
may become highly reducible, and that leads to the appearance of the first cohomology 
and the enlargement of the 0th cohomology. 

The most interesting situation occurs when = 2p/q, where p,q > 1 are two relatively 
prime integers. The corresponding central charge c = l — Q{p — qY/pq is the central charge 
of the (p, q) minimal model . In that case the composition structure of the modules 
TTo and TTi becomes very complicated [^, and our complex has very large cohomology 



groups. It turns out, however, that one can extend this complex to an infinite two-sided 
complex, whose cohomologies are concentrated in one dimension and are isomorphic to the 
irreducible representation of the Virasoro algebra of highest weight 0. This representation 
is the quotient of the vacuum Verma module of the Virasoro algebra by its submodule, 
generated by a unique singular vector, which it contains. Note that this irreducible 
representation is at the same time the VOA of the corresponding minimal model. 

Such a complex was constructed by Felder [Q. It has one Fock space tta with an 
appropriate A in each group, and the only cohomology occurs in the 0th group of the 
complex. 

The situation with the W— algebras, associated to general finite-dimensional Lie al- 
gebras, is apparently very similar. The vacuum Verma module W/3(g), freely generated 
from the vacuum vector by the operators W^^'^^rii < —di (cf. Theorem [4.6.9|) , which is 
irreducible for generic values of /3, may contain singular vectors, if (3'^ is a positive rational 
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number. The quotient L/3{q) of W/3(g) by the submodule, generated by these singular vec- 
tors, is irreducible. One should be able to construct two-sided complexes, which consist 
of the Fock spaces tta, labeled by elements of the affine Weyl group of q, in which the 0th 
cohomology would be isomorphic to L/3{q) and all other cohomologies would be trivial. 

Such complexes have been conjectured in Conjecture 3.5.2. These complexes 
should appear |^ as the result of the quantum Drinfeld-Sokolov reduction of similar 



complexes (two-sided BGG resolutions) over the corresponding affine Kac-Moody algebra 
0, 1, ra. This has been proved for g = sfa in M, O]. 



These complexes are closely connected with certain complexes [IS] of modules over the 



quotient of the quantum group Uq{g) with q a root of unity, q = exp{27rip/q), by a big 



central subalgebra, cf. p6 | 



There is also another interesting value of /3, namely, /3 = 1 for a simply-laced Lie algebra 
1^ H, |18|, In this case q = —1, and slightly redefined operators generate the 



nilpotent Lie algebra n+. This nilpotent subalgebra lies in the constant subalgebra of 
the whole affine algebra g acting on the direct sum of the Fock modules vr^ where the 



summation is over the root lattice Q of g, by vertex operators I^Tj. The W-algebra 
Wi (0) can then be interpreted as the space of invariants of the constant subalgebra of g 
in TT = ©AeQTTA- This implies that /i(g) (for which the central charge is the rank of g) is 
the commutant of g in JFq. A version of /i(g) was defined for the first time by I. Frenkel 
in 



60 



It was proved in ||58|, Theorem 4.2 (cf. also [jl6|, ^), that Wi(0) has the same character 



as W/3(g) for generic f3, i.e. that the intersection of kernels of the operators Qf does not 
increase at the point (3 = 1. Let us show that the higher cohomologies of the complex 
F^*(g) vanish. This has been conjectured (and proved for g = SI2) in [|60(] . 

Consider the complex F*{g), in which the jth group consists of ^{w\l{w) = j} copies of 
TT, and the differentials are given by the same formulas as the differentials of the complex 
Fj'(g). The cohomology of the complex F*{g) it is the cohomology of the Lie algebra n+ 
with coefficients in vr. The complex F*{q) is a subcomplex of F*{g). It is easy to show 
that its cohomology is the subspace of the cohomology of F*{g) of weight with respect 
to the Cartan subalgebra of g acting on F*{q) and commuting with the differentials. But 
TT is a direct sum of finite-dimensional g-modules. By Borel-Weil-Bott-Kostant theorem, 
weight cohomology classes in F*{q) can occur only in dimension and those are the 
invariants of g in vr. Therefore the higher cohomologies of Fi{g) vanish. This implies that 
the character of Wi(g) coincides with the character of Wf^^g) for generic /?, and thus we 



obtain an alternative proof of Theorem 4.2 of |^ . 

It was shown in that Ii{sliy) is the quotient of the local completion of the universal 
enveloping algebra of the Lie algebra Woo with central charge — 1. 

4.8.4. Special values of [3 for affine g. Now let us turn to the space //^(g) of the integrals of 
motion of the affine Toda field theory associated to an affine algebra g. The space of these 
integrals was defined as the intersection of kernels of the operators (Qf , 2 = 0,... , /, on Tq. 
For generic values of jd the intersection of kernels of the operators (Qf with i = 1, . . . , / 
coincides with the W— algebra //^(g), and so the space Ipig) can be defined as the kernel 
of the operator Qo on //3(g). 

Recall that the W— algebra //3(g) is the quotient of the vacuum Verma module W/3(g) by 
the total derivatives and constants. If g is untwisted, the operator Qq can be interpreted 
as the residue / ^i^i^Adj{z)dz of a certain primary field ^i^i^Adji^), acting from W/3(g) to 
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another module Mplg) over the W— algebra ||120| , |35| , |77| , so that the operator Qo 
is the corresponding operator on the quotients by the total derivatives and constants. 
Therefore, for generic P the space I/sig) consists of the elements P~ G W/sio), for which 
Qq ■ P~ is a total derivative in M/3(g): 

(4.8.4) / <l>,^,,Adj{z)dz-P- = dP+. 



This equation shows that the pair (P , P^) can be interpreted as a conservation law 
(compare with Remark |3.2.8D in the deformation of the corresponding conformal field 



theory obtained by adding A / ^i^i^Adjiz)dz, where A is a parameter of deformation, to the 
action [ 1201 . 



When is a positive rational number, the module W/3(0) may become reducible. 
Because of that, the cohomologies of the complex F*{g) increase. In such a case it is 
appropriate to redefine integrals of motion as elements P~ of the irreducible module 
Lpio), which satisfy the equation (4.8.4) ||12CI|| . This may result in dropping out of some 



of the "generic" integrals of motion. At the same time some new ones may appear. 

For instance, for g = s[2,/5^ = 4/(2n + 1) (the {2,2n + 1) model) the density of the 
integral of motion of the quantum sine-Gordon theory of degree 2n — 1 coincides with the 
field, corresponding to the singular vector of degree 2n. Since we take the quotient by the 
submodule, generated by this vector, this integral of motion drops out (cf. the previous 
section). It has been argued that the integrals of motion of degrees, which are divisible 



by 2r2 — 1, also drop out in this case |^5|, p4 



Another example of dropping out of integrals of motion is (in our terminology) the Toda 
field theory associated to the twisted algebra A^2^ for the value = 3/2. The integrals of 
motion of this Toda theory for generic values of (3 have all positive integral degrees, which 
are not divisible by 2 and 3. They are elements of the Virasoro algebra I/3{sl2), because 
for Q = Af \ g = 512- They have the property (4.8.4) with the field $(1^3) (2;) = $1,1,^4?- (-2) 
replaced by $(1^2) (^) ||120|| . The value = 3/2 corresponds to the Ising model (3,4) with 
central charge c = 1/2. It was found in [|120| , that the integral of motion of degree 5 



drops out for this special value of parameter. It was conjectured that the degrees of the 
integrals of motion which should occur are relatively prime with 30, so that they are the 
exponents of Eg^'' modulo the Coxeter number. 

On the other hand, in the same theory with jS'^ = 8/5 (the Ising tri-critical point, the 
(4, 5) minimal model) the appearance of an integral of motion of degree 9 was observed 
||4^ , |4[ and it was conjectured that there should also be integrals of motion of degrees 
9n, where n is an arbitrary positive odd integer. 

In these examples, the dropping out or appearance of new integrals of motion is caused 
by the existence of a larger vertex operator algebra of symmetries of the model. For 
instance, it is known that the (2, 2n + 1) minimal model of the Virasoro algebra coincides 
with (2n — l,2n + 1) minimal model of the W-algebra W(s[2n-i) H, and that the 



Ising model has a hidden symmetry of W{Es) [21|. Therefore one should expect that the 
degrees of integrals of motion in such a model should satisfy "exclusion rules" of the larger 
symmetry algebra as well. It is interesting whether there are other reasons for dropping 
out or appearance of new integrals of motion. 

It seems plausible that for the special values of /? one can construct a two-sided complex, 
consisting of the modules vr^, whose first cohomology would give the space of integrals 
of motion, corresponding to the irreducible representation Lj3{g). We have constructed a 
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candidate for such a complex for the (2, 2n + 1) modeL The computation of the Euler 
character of this complex suggests that its first cohomology is indeed generated by ele- 
ments of all odd degrees, which are not divisible by 2?7, — 1. We will discuss this complex 
elsewhere. 

4.8.5. Spectrum of the integrals of motion. Our integrals of motion, both classical and 
quantum, act on the spaces vr^. They are not diagonalizable, since they are all of negative 
degrees (in particular, the first of them is the operator of derivative d). However, one can 
define a transformation on the space J^q of Fourier components of fields which maps 
the set of integrals of motion to a set of mutually commuting elements of degree (for 



example, the first integral of motion, Tii = d = L_i maps to Lq — c/24), cf. |p.01 



It would be very interesting to find the spectrum of these operators on the modules nx- 



Acknowledgments. E.F. would like to thank the organizers of the C.I.M.E. Summer 
School, M. Francaviglia and S. Greco, for giving him the opportunity to present these 
lectures, and for creating a very stimulating atmosphere at the School. 

The main part of this work was done during our visits to the Research Institute for 
Mathematical Sciences and Yukawa Institute of Kyoto University in 1991-1993. We ex- 
press our deep gratitude to these institutions, and especially to T. Inami, M. Kashiwara, 
and T. Miwa, for financial support and generous hospitality. 

We thank J. Bernstein, V. Kac, D. Kazhdan, F. Smirnov, and A. Varchenko for their 
interest in this work and valuable comments. 

E.F. was supported by a Junior Fellowship from the Society of Fellows of Harvard 
University and in part by NSF grant DMS-9205303. 



References 

[I] M. Ablowitz, D. Kaup, A. Newell, H. Segur, Stud. Appl. Math. 53 (1974) 249-315 
[2] M. Adler, Inv. Math. 50 (1979) 219-248 

[3] O. Babelon, D. Bernard, Comm. Math. Phys. 149 (1992) 279-306 
[4] O. Babelon, D. Bernard, Int. J. Math. Phys. A8 (1993) 507-543 
[5] O. Babelon, L. Bonora, Phys. Lett. B244 (1990) 220 

[6] F.A. Bais, P. Bouwknegt, K. Schoutens and M. Surridge, Nucl. Phys. B304 (1988) 348-370 

[7] J. Balog, L. Feher, L. O'Raifeartaigh, P. Forgacs, A. Wipf, Ann. Phys. (NY) 203 (1990) 76 

[8] A. Belavin, A. Polyakov, A. Zamolodchikov, Nucl. Phys. B241 (1984) 333-380 

[9] D. Bernard, G. Felder, Comm. Math. Phys. 127 (1990) 145 

[10] J.N. Bernstein, I.M. Gelfand, S.I. Gelfand, Funct. Anal. Appl. 5 (1971) 1-8 

[II] J.N. Bernstein, I.M. Gelfand, S.I. Gelfand, in Representations of Lie groups, ed. I. Gelfand, 21-64, 
Wiley, New York 1975 

[12] M. Bershadsky, H. Ooguri, Comm. Math. Phys. 126 (1989) 49 

[13] A. Bilal, J.-L. Gervais, Phys. Lett. 206B (1988) 412; Nucl. Phys. B314 (1989) 646; B318 (1989) 579 

[14] R. Borcherds, Proc. Natl. Acad. Sci. USA, 83 (1986) 3068-3071 

[15] R. Bott, L.W. Tu, Differential forms in algebraic topology, Springer, New York 1982 

[16] P. Bouwknegt, in Infinite- dimensional Lie algebras and groups, ed. V. Kac, Adv. Ser. in Math. Phys. 

7, 527-555, World Scientific, Singapore 1989 
[17] P. Bouwknegt, J. McCarthy, K. Pilch, Comm. Math. Phys. 131 (1990) 125-155 
[18] P. Bouwknegt, J. McCarthy, K. Pilch, Progr. Theor. Phys. Suppl. 102 (1990) 67 



INTEGRALS OF MOTION AND QUANTUM GROUPS 



69 



[19] P. Bouwknegt, J. McCarthy, K. Pilch, in Strings and Symmetries, eds. N. Berkovits, e.a., 407-422. 
World Scientific, 1992 

P. Bouwknegt, K. Schoutens, Phys. Reports 223 (1993) 183-276 
P. Bowcock, P. Goddard, Nucl. Phys. B305 (1988) 685 
P. Bowcock, G.M.T. Watts, Nucl. Phys. B379 (1992) 63-95 
H.W. Braden, E. Corrigan, P.E. Dorey, R. Sasaki, Nucl. Phys. B338 (1990) 698 
P. Christe, G. Mussardo, Nucl. Phys. B330 (1990) 465-487 
J. de Boer, T. Tjin, Preprint THU-93/01, ITFA-02-93 

C. De Concini, V. Kac, in Operator algebras, unitary representations, enveloping algebras, and in- 
variant theory, eds. A.Connes e.a.. Progress in Math. 92, 471-506, Birkhauser 1990 
L.A. Dickey, Soliton Equations and Hamiltonian Systems, Adv. Ser. in Math. Phys. 12, World Sci- 
entific, Singapore, 1990 

P. Di Francesco, C. Itzykson, J.-B. Zuber, Comm. Math. Phys. 140 (1991) 543-567 
P. Di Francesco, P. Mathicu, Phys. Lett. B278 (1992) 79-84 
P. Di Francesco, P. Mathicu, D. Senechal, Mod. Phys. Lett. A7 (1992) 701 
V.G. Drinfeld, Sov. Math. Dokl. 32 (1985) 254 
V.G. Drinfeld, V.V. Sokolov, Sov. Math. Dokl. 23 (1981) 457-462 
V.G. Drinfeld, V.V. Sokolov, J. Sov. Math. 30 (1985) 1975-2035 
V.G. Drinfeld, Algebra i Analiz (Leningrad Math. J.) 1, N2 (1989) 30-46 
T. Eguchi, S.-K. Yang, Phys. Lett. 224B (1989) 373 
T. Eguchi, S.-K. Yang, Phys. Lett. 235B (1989) 282 

L.D. Faddeev, L.A. Takhtajan, Hamiltonian Methods in the Theory of Solitons, Springer, 1987 
L.D. Faddeev, L.A. Takhtajan, in Lect. Notes in Phys. 246, 66. Springer, 1986 
L.D. Faddeev, A. Volkov, Phys. Lett. 315B (1993) 311-318 
V. Fateev, S. Lukyanov, Int. J. of Mod. Phys. A3 (1988) 507 
V. Fateev, S. Lukyanov, Sov. J. Nucl. Phys. 49 (1989) 925 

V. Fateev, S. Lukyanov, Kiev Preprints ITF-88-74R, ITF-88-75R, ITF-88-76R, 1988 (Enghsh trans- 
lation: Sov. Sci. Rev. A Phys. 15 (1990) 1) 
V. Fateev, A. Zamolodchikov, Nucl. Phys. B280 (1987) 644 

V. Fateev, A. Zamolodchikov, in Physics and Mathematics of Strings, Memorial Volume for Vadim 
Knizhnik, eds. L. Brink, D. Friedan, A.M. Polyakov, 245-270, World Scientific, 1990 
B. Feigin, E. Frenkel, Phys. Lett. B246 (1990) 75-81 
B. Feigin, E. Frenkel, Lett. Math. Phys. 19 (1990) 307-317 
B. Feigin, E. Frenkel, Comm. Math. Phys. 128 (1990) 161-189 
B. Feigin, E. Frenkel, Int. J. Mod. Phys. A7, Supplement lA (1992) 197-215 
B. Feigin, E. Frenkel, Duke Math. Journal 64, IMRN 6 (1991) 75-82 
B. Feigin, E. Frenkel, Phys. Lett. B276 (1992) 79-86 

B. Feigin, E. Frenkel, Kac-Moody groups and integrability of soliton equations, Preprint RIMS-970, 
|hep-th/931l"T7l| , to appear in Invent. Math. 

B. Feigin, D. Fuchs, in Representations of Lie Groups and Related Topics, eds. A.M.Vershik and 

D. P.Zhelobenko, 465-554, Gordon and Breach, 1990 
G. Felder, Nucl. Phys. B324 (1989) 548 

G. Felder, C. Wieczerkowski, Comm. Math. Phys. 138 (1991) 583-605 
J.M. Figueroa-O'FarriU, Nucl. Phys. B343 (1990) 450 

E. Frenkel, Affine Kac-Moody algebras at the critical level and quantum Drinfeld- Sokolov reduction, 
Ph.D. Thesis, Harvard University, 1991 

E. Frenkel, in "New Symmetry Principles in QFT", eds. J. Frohlich, e.a., 433-447, Plenum Press, 
1992 



E. Frenkel, V. Kac, A. Radul, W. Wang, Wi+oo and W{glN) with central charge N, Preprint hep- 



th/940512l| , to appear in Comm. Math. Phys. 

E. Frenkel, V. Kac, M. Wakimoto, Comm. Math. Phys. 147 (1992) 295-328 

I. Frenkel, in Applications of Group Theory in Physics and Mathematical Physics, eds. M. Flato, P. 
Sally, G. Zuckerman, Lect. in Appl. Math. 21, 325-353. AMS, Providence, 1985 
I. Frenkel and V. Kac, Invent. Math. 62 (1980), 23-66 

I. Frenkel, J. Lepowsky, A. Meurman, Vertex Operator Algebras and the Monster, Academic Press 



70 



BORIS FEIGIN AND EDWARD FRENKEL 



1988 

[63] I. Frenkel, Y.-Z. Huang, J. Lepowsky, Memoirs of the AMS, 594 (1993) 

[64] I. Frenkel, Y. Zhu, Duke Math. Journal 66 (1992) 123-168 

[65] P.G.O. Freund, T.R. Klassen, E. Melzer, Phys. Lett. B229 (1989) 243 

[66] D.B. Fuchs, Cohomology of Infinite- dimensional Lie Algebras, Plenum 1988 

[67] C.S. Gardner, J. Math. Phys. 12 (1971) 1548-1551 

[68] C.S. Gardner, J.M. Green, M.D. Kruskal, R.M. Miura, Phys. Rev. Lett. 19 (1967) 1095-1097 
[69] LM. Gelfand, L.A. Dikii, Russ. Math. Surv. 30, N5 (1975) 77-113 
[70] LM. Gelfand, L.A. Dikii, Funct. Anal. Appl. 10 (1976) 16-22 

[71] LM. Gelfand, L.A. Dikii, A family of Hamiltonian structures connected with integrahle non-linear 

differential equations, Preprint IPM AN SSSR, Moscow, 1978 
[72] J.-L. Gervais, Phys. Lett. B160 (1985) 277 
[73] J.-L. Gervais, Phys. Lett. B160 (1985) 279 
[74] J.-L. Gervais, A. Neveu, Nucl. Phys. B 224 (1983) 329 

[75] P. Goddard, in Infinite- dimensional Lie algebras and groups, ed. V. Kac, Adv. Ser. in Math. Phys. 

7, 556-587, World Scientific, Singapore 1989. 
[76] A. Guichardet, Cohomologie des Groupes Topologiques et des Algebres de Lie, Cedic/Fernand 

Nathan, Paris 1980 
[77] T. HoUowood, P. Mansfield, Phys. Lett. 226B (1989) 73 
[78] M. Jimbo, Lett. Math. Phys. 10 (1985) 63 

[79] A. Joseph, G. Letzter, Rosso 's form and quantized Kac-Moody algebras, Preprint, 1993 
[80] V. Kac, Adv. Math. 30 (1978) 85 

[81] V. Kac, Infinite- dimensional Lie Algebras, 3rd Edition, Cambridge University Press 1990 

[82] V. Kac, D. Kazhdan, Adv. Math. 34, 97-108 (1979) 

[83] B. Kostant, S. Sternberg, Ann. Phys. 176 (1987) 49 

[84] A. Kuniba, T. Nakanishi, J. Suzuki, Nucl. Phys. B356 (1991) 750-774 

[85] B. Kupershmidt, P. Mathieu, Phys. Lett. 227B (1989) 245 

[86] B. Kupershmidt, G. Wilson, Comm. Math. Phys. 81 (1981) 189-202 

[87] B. Kupershmidt, G. Wilson, Inv. Math. 62 (1981) 403-436 

[88] P. Lax, Lect. Appl. Math. 15 (1974) 85-96 

[89] A. LeClair, Preprint CLNS 93/1220, p^-th/9305110"| May 1993 

[90] A.N. Leznov, M.V. Saveliev, Lett. Math. Phys. 3 (1979) 498-494 

[91] H. Li, Local systems of vertex operators, vertex superalgebras and modules. Preprint 

[92] G. Lusztig, Adv. Math. 70 (1988) 237 

[93] S. MacLane, Homology, Springer 1963 

[94] F. Malikov, Int. J. Mod. Phys. A7, Supplement IB (1992) 623-643 
[95] Yu.I. Manin, J. Sov. Math. 11 (1978) 1-122 
[96] D. McLaughlin, J. Math. Phys. 16 (1975) 96 

[97] A. Mikhailov, M. Olshanetsky, V. Perelomov, Comm. Math. Phys. 79 (1981) 473-488 

[98] W. Nahm, Int. J. Mod. Phys. A6 (1991) 2837-2845 

[99] M. Niedermaier, Comm. Math. Phys. 148 (1992) 249-281 

[100] M. Niedermaier, Preprint DESY 92-105 (1992) 

[101] M. Niedermaier, in "New Symmetry Principles in QFT", eds. J. Frohlich, e.a., 493-503, Plenum 
Press, 1991 

[102] D. Olive, N. Turok, Nucl. Phys. B220 (1983) 491 

[103] D. Olive, N. Turok, Nucl. Phys. B265 (1985) 469 

[104] D. Olive, N. Turok, J. Underwood, Preprint, April 1993 

[105] A. Pressley, G. Segal, Loop Groups, Clarendon Press, Oxford 1986 

[106] N. Reshetikhin, F. Smirnov, Comm. Math. Phys. 131 (1990) 157-177 

[107] A. Rocha-Caridi, Trans. AMS 262 (1980) 335 

[108] R. Sasaki, I. Yamanaka, Adv. Stud, in Pure Math. 16, 271-296 (1988) 

[109] V. Schechtman, A. Varchenko, in ICM-90 Satellite Conference Proceedings Algebraic Geometry and 

Analytic Geometry, 182-191, Springer 1991 
[110] V. Schechtman, Duke Math. J., Int. Math. Res. Not. 2 (1992) 39-49; 10 (1992) 307-315 
[111] G. Segal, Int. J. Mod. Phys. A6 (1991) 2859-2869 



INTEGRALS OF MOTION AND QUANTUM GROUPS 



71 



[112] E. Sklyanin, L. Takhtajan, L. Faddeev, Theor. Math. Phys. 40 (1980) 688 
[113] L. Takhtadjian, L. Faddeev, Teor. Mat. Fiz. 21 (1974) 680 

[114] A. Varchenko, Multidimensional hypergeometric functions and representation theory of Lie algebras 

and quantum groups, Adv. Scr. in Math. Phys. 21, World Scientific 1995 
[115] A. Volkov, Phys. Lett. 167A (1992) 345 
[116] G. Wilson, Ergod. Th. and Dynam. Syst. 1 (1981) 361 
[117] V.E. Zakharov, L.D. Faddeev, Funct. Anal. Appl. 5 (1971) 280-287 
[118] A. Zamolodchikov, Al. Zamolodchikov, Ann. Phys. 120 (1979) 253-291 
[119] A. Zamolodchikov, Theor. Math. Phys. 65 (1985) 1205 
[120] A. Zamolodchikov, Adv. Stud, in Pure Math. 19, 641-674 (1989) 

Landau Institute for Theoretical Physics, 2 Kosygina St, Moscow 117940, Russia and 
R.I. M.S., Kyoto University, Kyoto 606, Japan 

Department of Mathematics, Harvard University, Cambridge, MA 02138, USA 



